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Abstract 

We study in detail various aspects of the renormalization of the spin-1 resonance propa- 
gator in the effective field theory framework. First, we briefly review the formalisms for the 
description of spin-1 resonances in the path integral formulation with the stress on the issue 
of propagating degrees of freedom. Then we calculate the one-loop 1 meson self-energy 
within the Resonance chiral theory in the chiral limit using different methods for the descrip- 
tion of spin-one particles, namely the Proca field, antisymmetric tensor field and the first 
order formalisms. We discuss in detail technical aspects of the renormalization procedure 
which are inherent to the power-counting non-renormalizable theory and give a formal pre- 
scription for the organization of both the counterterms and one-particle irreducible graphs. 
We also construct the corresponding propagators and investigate their properties. We show 
that the additional poles corresponding to the additional one-particle states are generated by 
loop corrections, some of which are negative norm ghosts or tachyons. We count the number 
of such additional poles and briefly discuss their physical meaning. 
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1 Introduction 



As is well known, in the low energy region the dynamical degrees of freedom of QCD are not 
quarks and gluons but the low lying hadronic states and, as a consequence, a non-perturbative 
description of the their dynamics is inevitable. An approach using effective Lagrangians appears 
to be very efficient for this purpose and it has made a considerable progress recently. In the very 
low energy region {E ^ ~ IGeV), the octet of the lightest pseudoscalar mesons (vr, K, rj) 
represents the only relevant part of the QCD spectrum. The Chiral Perturbation Theory (xPT) 
[U El |3] based on the spontaneously broken chiral symmetry SU{3)l x SU{3)ji grew into a very 
successful model-independent tool for the description of the Green functions (GF) of the quark 
currents and related low-energy phenomenology. The pseudoscalar octet is treated as the octet of 
pseudo-Goldstone bosons (PGB) and xPT is organized according to the Weinberg power-counting 
formula P] as a rigorously defined simultaneous perturbative expansion in small momenta and the 
light quark masses. Recently, the calculations are performed at the next-to-next-to-leading order 
0{p^) (for a comprehensive review and further references see 

In the intermediate energy region {Ah ^ E < 2GeV), where the set of relevant degrees of 
freedom includes also the low lying resonances, the situation is less satisfactory. This region 
is not separated by a mass gap from the rest of the spectrum and, as a consequence, there is 
no appropriate scale playing the role analogous to that of Ah in xPT . Therefore, the effective 
theory in this region cannot be constructed as a straightforward extension of the xPT low energy 
expansion by means of introducing resonances e.g. as homogenously (but nonlinearly) transformed 
matter fields in the sense of [5], |6] and pushing the scale Ah to 2GeV. 

In order to introduce another type of effective Lagrangian description, the considerations based 
on the large Nc expansion together with the high-energy constraints derived from perturbative 
QCD and OPE appear to be particularly useful. In the limit Nc — )■ oo, the chiral symmetry is 
enlarged to U{?))l x f/(3)i? and the spectrum relevant for the correlators of the quark bilinears 
consists of an infinite tower of free stable mesonic resonaces exchanged in each channel and classi- 
fied according to the symmetry group f/(3)y. An appropriate description should therefore require 
an infinite number of resonance fields entering the f/(3)i^ x f/ (3)^ symmetric effective Lagrangian. 
Because the quasi-classical expansion is correlated with the large Nc expansion, the interaction 

— 1/2 

vertices are suppressed by an appropriate power of A^^^ according to the number of the meson 
legs. At the leading order only the tree graphs have to be taken into account . An approximation 
to this general picture where we limit the number of the resonance fields to one in each channel 
and matching the resulting theory in the high energy region with OPE is known as the Resonance 
Chiral Theory (RxT) (it was introduced in seminal papers [ZIIH])- Integrating out the resonance 
fields from the Lagrangian of R^T in the low energy region and the subsequent matching with 
xPT has become very successful tool for the estimates of the resonance contribution to the val- 
ues of the 0{p^) [7] and O(p^) [9l |10] low energy constants (LEG) entering the xPT Lagrangian. 
Therefore, studying R^T can help us to understand not only the dynamics of resonances but also 
the origin of LECs in xPT. 

However, even when restricting to the case of the matter field formalism, it is known from 
the very beginning [8] that the form of the R^T Lagrangian is not determined uniquely. The 
reason is that the resonances with a given spin can be described in many ways using fields with 
different Lorentz structure. For example, for the spin-one resonances one can use i.a. the Proca 
vector field or the antisymmetric tensor field or both (within the first order formalism [TTl 112]). 
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Though the theories based on different types of fields with Lagrangians which contain only finite 
number of operators are not strictly equivalent already on the tree level (in general, it is necessary 
to include nonlocal interaction or infinite number of operators and contact terms to ensure the 
complete equivalence, see [12]), we can always ensure a weak equivalence of all three formalisms 
up to a given fixed chiral order (this was established to 0{p'^) in [8] and enlarged to 0{p^) in [T2]). 

As we have mentioned above, the lack of the mass gap (which could provide us with a scale 
playing the role analogous to Aj^) prevents us from using a straightforward extension of the 
Weinberg power-counting formula pQ taking the resonance masses and momenta of the order 0{p) 
on the same footing as for PGB. Also the usual chiral power counting which takes the resonance 
masses as an additional heavy scale (which is counted as 0(1)) fails within the RxT in a way 
analogous to the xPT with baryons [13]. Nevertheless, it seems to be fully legitimate to go 
beyond the tree level R^T and calculate the loops [Ta[l5l[T6l[I71[T8l[T9l|20l[ail22]. 

Being suppressed by one power of l/Nc, the loops allow to encompass such NLO effects in the 
I/Nq expansion as resonance widths, resonance cuts and the final state interaction and (by means 
matching with xPT) to determine the NLO resonance contribution to LEG (and their running 
with renormalization scale). 

However, we can expect both technical and conceptual complications connected with the renor- 
malization of the effective theory for which no natural organization of the expansion (other than 
the 1/A^c counting) exists. Especially, because there is no natural analog of the Weinberg power 
counting in R^T, we can expect mixing of the naive chiral orders in the process of the renormal- 
ization [e.g the loops renormalize the 0{p'^) LEG and also counterterms of unusually high chiral 
orders are needed). Also a straightforward construction of the propagator from the self-energy 
using the Dyson re-summation can bring about the appearance of new poles in the GF. Because 
the spin-one particles are described using fields transforming under the reducible representation 
of the rotation group and due to the lack of an appropriate protective symmetry, some of these 
additional poles can correspond to new degrees of freedom, which are frozen at the tree level. 
The latter might be felt as a pathological artefact of the not carefully enough formulated theory, 
particularly because these extra poles might be negative norm ghosts or tachyons [23]. On the 
other hand, however, we could also try to take an advantage of this feature and to adjust the poles 
in such a way that they correspond to the well established resonance states [21]. 

Let us note, that similar problems are generic for the description of the higher spin particles 
in terms of quantum field theory. As an example we can mention e.g. the problem with the 
renormalization of quantum gravity which is trying to be cured by imposing additional symmetry 
or by introducing a non-perturbative quantization believing that UV divergences are only artefact 
of a perturbative theory. In the context of the extensions of the xPT, this has been studied 
in connection with introducing of the spin-3/2 isospin-3/2 A(1232) resonance in the baryonic 
sector (for a review see [25] and references therein). The Rarita-Schwinger field commonly used 
for its description contains along with the spin-3/2 sector also spin-1/2 sector, which is frozen 
at the tree level due to the form of the free equations of motion. These provides the necessary 
constraints reducing the number of propagating spin degrees of freedom to four corresponding to 
spin 3/2 particles. However, these constraints are generally not present in the interacting theory 
and negative norm ghost [26] and/or tachyonic [27] poles might appear beyond the tree level. 
The appearance of these extra unphysical degrees of freedom can be avoided by means of the 
requirement of additional protective gauge symmetry under which the interaction Lagrangian has 
to be invariant. Such a symmetry, which is also a symmetry of the kinetic term (but not of the 
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mass term), is an analog of the U{1) gauge symmetry of the electromagnetic field and its role 
is also similar. As it has been shown by means of path integral formalism, it leads to the same 
constraints as in the noninteracting theory and prevent therefore the extra spin-1/2 states from 
propagating. 

On the other hand, it has been proved, that the most general interaction Lagrangian at 
most bilinear in Rarita-Schwinger field {i.e. without the protective gauge symmetry) is on shell 
equivalent to the gauge invariant one p8] . The latter is, however, nonlocal (or equivalently it 
contains an infinite number of terms). Also the above protective gauge symmetry is, as a rule, in a 
conflict with chiral symmetry, and has therefore to be implemented with a care. Though there are 
efficient methods how to handle this obstacles in concrete loop calculations [25], [28], the problem 
still has not been solved completely. 

In the following, we would like to discuss these problems in more detail. As an explicit example 
we use the one-loop renormalization of the propagator corresponding to the fields which originally 
describe 1 vector resonance (p meson) at the tree level within the Proca field, the antisymmetric 
tensor field and within the first order formalism in the chiral limit. The situation here is quite 
similar to the case of spin-3/2 resonances discussed above. In addition, to the spin-1 degrees 
of freedom, there are extra sectors that are frozen at the tree level. There exists a protective 
gauge symmetry which prevents these modes from propagation. The kinetic term is invariant 
with respect to this symmetry while the mass term is not. 

By means of an explicit calculation we will show that (unlike the ordinary xPT) the one-loop 
corrections to the self-energy need counterterms with a number of derivatives ranging from zero up 
to six and also that a new kinetic counterterm with two derivatives (which was not present in the 
tree level Lagrangian) is necessary. We will also demonstrate that the corresponding propagator 
obtained by means of Dyson re-summation of the one-particle irreducible self-energy insertions 
has unavoidably additional poles. Due to the unusual higher order growth of the self-energy in 
the UV region some of them are inevitably pathological (with a negative norm or a negative mass 
squared). Though these additional poles are decoupled in the limit Nc — )• c>o, for reasonable 
concrete values of the parameters of the Lagrangian they might appear near or even inside the 
region for which RxT was originally designed. We also discuss briefly within the antisymmetric 
tensor formalism a possible interpretation of some of the non-pathological poles as a manifestation 
of the dynamical generation of various types of additional H— states. We will also show that the 
appropriate adjustment of coupling constants in the antisymmetric tensor case allows us (at least 
in principle) to generate in this way the one which could be identified e.g. with the 6i(1235) meson 
[21] . Such a mechanism is analogous to the model [22] for the dynamical generation of the scalar 
resonances from the bare quark-antiquark "seed", the propagator of which develops (after dressing 
with pseudoscalar meson loops) additional poles identified e.g. as ao(980) (cf. also [30].[3T]). 

The paper organized as follows. In Section |2] we remind the basic facts about the propagators 
and briefly discuss the issue of the additional degrees of freedom in all three formalisms for the 
description of spin-one resonances. We use the path integral formulation where the protective 
symmetry analogous to the Rarita-Schwinger case is manifest. In Section |3] we discuss the power 
counting. We try to formulate here a formal self-consistent organization of the counterterms and 
one-particle irreducible graphs, which sorts the operators in the Lagrangian according to the num- 
ber of derivatives as well as number of the resonance fields and which is useful for the proof of 
renormalizability of the RxT as an effective theory. In Section |4] we present the results of the 
explicit calculation of the self-energies. Then we give a list of counterterms and briefly discuss the 
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renormalization prescription. Section [5] is devoted to the construction of the propagators and to 
the discussion of their poles. Because the basic ideas are similar within all three formalisms, we 
concentrate here on the antisymmetric tensor case. Section [6] contains summary and conclusions. 
Some of the long formulae are postponed to the appendices: the explicit form of the renormaliza- 
tion scale independent parameters of the self-energies are collected in Appendix |D| namely for the 



Proca field in D.l for the antisymmetric tensor field in D.2 and for the first order formalism in D.3 



In Appendix |E] we give a proof of the positivity of the spectral functions for the antisymmetric 
tensor propagator. 



2 Propagators and poles 

In this section, we collect the basic properties of the propagators and the corresponding self- 
energies within the Proca field, the antisymmetric tensor field and the first order formalisms. The 
discussion will be as general as possible without explicit references to RxT, which can be assumed 
as the special example of the general case. 



2.1 Proca formalism 

2.1.1 General properties of the propagator 

We start our discussion with a standard textbook example of the interacting Proca field. Let us 
write the Lagrangian in the form 

where the free part of the Lagrangian is 

Co = -^-V^.W'' + ^MXV^' (2) 

with 

V = d^V, - d,V^. (3) 

Without any additional assumptions on the form and symmetries of the interaction part of the 
Lagrangian we can expect the following general structure of the full two-point one-particle 
irreducible (IPI) Green function 

r?j(p) = {M' -p' + + (M^ + S^(/))P^^,. (4) 

Here 

Pl^ = (6) 

are the usual longitudinal and transverse projectors and E-^'^ are the corresponding transverse 
and longitudinal self-energies, which vanish in the free field limit. Inverting Q we get for the full 
propagator 
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The possible (generally complex) poles of such a propagator are of two types; either at = sy, 
where sy is given by the solutions of 

sv-M^- S^(sv) = 0, (8) 

or at p"^ = ss where ss is the solution of 

+ S^(s5) = 0. (9) 

Let us first discuss the poles of the first type. Assuming that ([s]) is satisfied for sy = My > 0, 
then for — )■ My 



- My 



P'^-My 
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where ^ 

= 1 - S'^(M2) (^^) 

and where e^^\p) are the usual spin-one polarization vectors. Under the condition Zy > the 
poles of this type correspond to spin-one one particle states \p, A, V) which couple to the Proca 
field as 

{0\V,mp,X,V) = Zy'/'el'\p). (12) 

At least one of these states is expected to be perturbative in the sense that its mass and coupling 
to can be written as 

= M^ + 5M^ (13) 
Zy = l + 6Zy, (14) 

where SMy and SZy are small corrections vanishing in the free field limit. This solution corre- 
sponds to the original degree of freedom described by the free part of the Lagrangian Cq. The 
additional one particle states corresponding to the other possible (non-perturbative) solutions of 
([s]) decouple in the free field limit. 

The second type of poles is given by (intrinsically nonperturbative) solutions of (|9|. Suppose 
that this condition is satisfied by ss = M| > 0. For p"^ — )■ M| 

where ^ 

= T^HMfy ^^^^ 

Assuming > this pole corresponds to the spin-zero one particle state |p, 5") which couples to 

as 

{Q\VM\P.S)=ip,^. (17) 



s 



For the free field this scalar mode is frozen and does not propagate according to the special form 
of the Proca field Lagrangian. Therefore, in the limit of vanishing interaction the extra scalar 
state decouples. 

Without any additional assumptions on the symmetries of the interaction Lagrangian we can 
therefore expect the appearance of additional dynamically generated degrees of freedom. 

The general picture is, however, more subtle. Note that, the interpretation of the above 
additional spin-one and spin-zero poles as physical one-particle asymptotic states depends on 
the proper positive sign of the corresponding residues Zy, Zs > 0, otherwise the norm of these 
states is negative and the poles correspond to the negative norm ghosts. Similarly, also poles with 
My g < can be generated, which correspond to the tachyonic states. Let us illustrate this feature 
using a toy example. Suppose, that the only interaction terms are of the form 

Ant = At = -jv^.v^'' - \{d,v^? + i^^kd.ynkQ'yp^) + i^^{Q,d,v^Wd^y")- (is) 

Such a Lagrangian can be typically produced by radiative corrections in an effective field theory 
with Proca field, which does not couple to other fields in a f/(l) gauge invariant way, and can 
provide us with countcrterms necessary to rcnormalize the loops contributing to the V field self- 
energy. Let gives rise to the following contributions to S-^(p^) and E^(p^) 

E^(/) = + (19) 

E^(p2) = -^/ + '^^- (20) 

As a result, we have two spin-one and two spin-zero one-particle states. The masses and residue 
of the spin-one states are then 

Ml, = ^^l + a-27TV(l + a)'-4T\ ^1) 

l-E''-(Mji) = ±V(l + «)2-47, (22) 

which are real for for (1 -|- a)^ — 47 > 0. In the limit q;,7^0, a/7 = const we get either the 
perturbative solution with mass My+ or (for 7 > 0) an additional spin-one ghost with mass My_ 
(for 1 -I- a > and 7 < this pole is tachyonic) . Similarly for the spin-zero states 

ML = (^^^^) (23) 

E'^(MJ±) = tV/S' - (24) 

The poles are real for > 45 and e.g. for /3, 5 > one of the poles is spin-zero ghost. In both 
cases for appropriate values of the parameters we can get also two tachyons or even the complex 
Lee- Wick pair of ghosts. These features are of course well known in the connection with the higher 
derivative regularization (as well as with the properties of the gauge-fixing term). 
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2.1.2 Additional degrees of freedom in the path integral formalism 

The additional degrees of freedom discussed in the previous subsection can be made manifest in 
the path integral formalism. Let us start with the generating functional for the interacting Proca 
field 

Z[J] = j PV^exp [i j d^x (^-^ VV^^ + ^MV^V^ + C^ntiy, J, , (25) 

where the external sources are denoted collectively by J . In order to separate the transverse and 
longitudinal degrees of freedom of the field within the path integral we can use the standard 
Faddeev-Popov trick with respect to the U{1) gauge transformation of the field 

V,^V, + d,A. (26) 

As a result, we get the generating functional in the form 

Z[J] = J VVi_VAexp (^i j d'x Q^_fn^±^ + ^MV_f\4M + ^M^d^Ad^A + A„t(Vx - OA, J, . . .) 

(27) 

Here VVi_ = VVSid^Vf") and 

is the transverse part of the vector field V^, the longitudinal part of which corresponds to the 
scalar field A, i.e. 

Vf' = V^ + df'A. (28) 
The free propagators of the fields and A are 

pT^J.u 

Both these propagators have spurious poles at = 0, however, the only necessary combination 
which matters in the Feynman graphs is 

A(;'^(p) = A^^^(p)+pVAa(p), (31) 

which coincides with the original free propagator of the field and the spurious poles cancel 
each other. 

Note that, provided the interaction Lagrangian Cm is symmetric under the U{1) gauge trans- 
formation (26), the spin-zero field A completely decouples and can be integrated out . The theory 
can then be formulated solely in terms of the field V^. The U{1) invariant form of the interaction 
allows to simplify the propagator A'^{p) 

K'iP) ^ (32) 



within the Feynman graphs and the spurious pole p = in (29) becomes harmless. In this case, 
the scalar one-particle states cannot be dynamically generated. On the other hand, in the case 
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when Cint is not invariant with respect to (26), we cannot forget the longitudinal component of 
which has now nontrivial interactions and, as a result, contributions to S-^ can be generated. 
Let us now return to the illustrative example discussed in the previous subsection. Suppose 

that the interaction Lagrangian has the form 



where Cd is the toy interaction Lagrangian (18) and we assume a > — 1 and 5 > in what follows. 
Then it is possible to transform Z\J\ to the form of the path integral with all the additional 
degrees of freedom represented explicitly in the Lagrangian and the integration measure. In terms 
of the transverse and longitudinal degrees of freedom we get 

Ant(V±-M,J,...) = £,i(Vx-9A,J,...) + 4„,(rx-9A,J,...) 

+£;„,(y^-9A,J...). (34) 

In order to lower the number of derivatives in the kinetic terms we integrate in auxiliary scalar 
fields x, P, cr and auxiliary transverse vector field B^^ writing e.g. 



exp [-1 j d^x^iOA)'^ = J Vxexp (^t J d^x Q^x' - d.xd'A 



(35) 



and similarly for other higher derivative terms. After the superfluous degrees of freedom are 
identified and integrated out, the fields are re-scaled and then the resulting mass matrix can be 
diagonalized by means of two symplectic rotations with angles By and 6s (the technical details are 
postponed to the Appendix H). Finally we get (under the conditions (1 + a)^ > 47 and > 45) 



Z[J] = J VV±VB±VAVxVaex^p (^i J d^xC{V±, B±,A, x, (t, J, . . .)^ (36) 



where 



CiV^,B^,A,x,a,J,...) = ^V^DV^, + ^M^^V^V^,-^B1DB^^ + ^M^_B^^B^, 

+ ^d,ad'^a - ^Miy - ^d.xd'x - \mI_x' + \M^d,Ad>^A 



(37) 



and 

^^'^ = + B±)-dx cosh ds - da sinh 63 - dA (3^ 

(1 + aj^/^ 



and where My^, mass eigenvalues (21) and (23). The theory is now formulated in 

terms of two spin one and two spin zero fields, whereas two of them, namely -B^ and x have a 
wrong sign of the kinetic terms and are therefore negative norm ghosts. As above, the field A 
does not correspond to any dynamical degree of freedom, its role is merely to cancel the spurious 
poles of the free propagators of the transverse fields V± and B± at = 0. 
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2.2 Antisymmetric tensor formalism 

For the antisymmetric tensor field in the formahsm [3, [S] the situation is quite analogous to the 
Proca field case so our discussion will be parallel to the previous subsection. Let us write the 
Lagrangian in the form 

£ = £o + Ant. (39) 

where the free part is 

C-o = -\{d^Rn{d'Rpu) + \m''R,,R^'', (40) 
and introduce the transverse and longitudinal projectors 

^Jiual3 = 2 {^mPuP '~ PyaP]ip) (41) 
n^j.Q,/3 = 2 (dfiaduP - Quagiip) " H^^^^ (42) 

with given by (joj). Again, in analogy with (E), for completely general Cint we can expect the 
following general form of the full two-point IPlTjreen function 

rll,(p) = \iM' + s^(p2))nj,„^ + \{M'-p' + s^(/))nj,„, (43) 

where S-^'^ are the corresponding self-energies. The full propagator is then obtained by means of 
the inversion of T^^J^^ in the form 

2 L 2 



V 

This propagator has two types of poles analogous to (|8| and ([o]), either at = sy, satisfying 

sv-M^- S^(sy) = 0, (45) 

or at = where 

+ S^(s^) = 0. (46) 



Assuming that the solution of (45) satisfies sy = My > 0, the propagator behaves at this pole as 



Zy P^guaPl3 - Pug^iaPp - (« ^ /?) 

Zv 



A....(P) = ^^31^ ^2 + 0(1) 



p2 - M2 

where 



+ (47) 



^ (45 



" 1 - S'^(M2) 

and the wave function u^^J {p) can be expressed in terms of the spin-one polarization vectors ei^'' (p) 
as 

^i'J ip) = ^ {pA'^ ip) - pA'^ ip)) ■ (49) 
10 



For Zy > the pole of this type corresponds therefore to the spin-one state \p, A, V) which couples 
to R^t, as 

{0\R,M\P,>^,V) = Zv'/%'J{p). (50) 

Analogously to the Proca case, at least one of these poles is expected to be perturbative and 
corresponds to the original degree of freedom described by the free Lagrangian Cq. This means 

= M'^ + 5Ml (51) 
Zv = l + 6Zv (52) 

with small corrections 6 My and SZy vanishing in the free field limit. The other possible nonper- 
turbative solutions of (45) decouple in this limit. 

Provided there exists a solution of (46) for which Sy = M~ > 0, we get at this pole 

A...,(P) = ^^j^ {9,.9., + P^^'^-P^-P-'^^P^ - (;. o .)) + 0(1) 

- E<HpVS(p)* + 0(1) (53) 



where 



- S'^(MJ) ^^^^ 



and the wave function is dual to the wave function ( 49 ) 

wi'Jip) = ul'Jip) = le,^a,u^'^-^{p). (55) 

Provided Zy > 0, the poles of this type correspond to the spin-one particle states \p, A, V) with the 
opposite intrinsic parity in comparison with \p,X,V), which couple to the antisymmetric tensor 
field as 

{0\R,M\pA,V) = Zy'/'wl'Jip). (56) 

This degree of freedom is frozen in the free propagator due to the specific form of the free La- 
grangian and it decouples in the limit of the vanishing interaction. 

As in the Proca field case, we can therefore generally expect dynamically generated additional 
degrees of freedom, which can be either regular asymptotic states {M^~, Zyy > 0) or negative 

norm ghosts > 0, Zyy < 0) or tachyons < 0). Complex poles on the unphysical 

sheets can be then interpreted as resonances. 

As the toy illustration of these possibilities, let us take the interaction Lagrangian similar to 
(18) in the Proca field case e.g. in the form 

Cint = C,t = -'^^{d,,R^''WRp,)-^{d,,R''^){d^R^p) 

+ ^-^{d^d,Rn{d'^dPRpu) + -^,{d,d,R^^Wd^R^p). (57) 
We get then the following contributions to the longitudinal and transverse self-energies 

S^(p^) = + (58) 
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-(5p' + 5 



P 

M2' 



(59) 



These are exactly the same as (20) and (19) (with the identification S ' ^ S ' ). Therefore 



provided we further identify Mg_^ ^ ^^±' properties of the poles and residues are the same 



as in the previous subsection (see the discussion after (20) and (19)), with the only exception that 



instead of the extra spin- zero states with the mass (23 ) we have now extra spin-one states with the 



same mass (23) but with the opposite parity in comparison with the original degrees of freedom 



described by the free lagrangian Cq. 
2.2.1 Path integral formulation 

We can again made the additional degrees of freedom manifest within the path integral approach 



in the way parallel to subsection 2.1.2 An analog of the U{1) gauge symmetry used in the case 
of the Proca field formalism in order to separate the transverse and longitudinal components of 
the field is here the following transformation with a pseudovectoij^ parameter Aq, 



where 



A 



af5 



(60) 



(61) 



This leaves the kinetic term invariant, while the mass term is changed. Note, that the transfor- 
mation with the parameters A^ and A^ where 



(62) 



are the same. This residual gauge invariance has to be taken into account when using the Faddeev- 
Popov trick in order to isolate the longitudinal and transverse degrees of freedom of the field R^^. 



Analog of the formula ( 28 ) is now 



a/3 



(63) 



where i?y is the longitudinal component of R^u- Its transverse component is described with the 
transverse component A^ of the field A'^ where 

A^ = Al + d^X. (64) 

Starting with the path integral representation of the generating functional^ 

Z[J] = J Pi?exp (^i J d^x (^-^{d^R>'''){dPR,,) + ^M^R.^R'^" + CUR'"', J, ••.))) (65) 

^This is of course true only in the case of the proper tensor field R^,^. Provided i?^^ is a pseudotcnsor, the 
parameter of the transformation is vectorial. 

^Here J are the external sources, cf. previous subsecrion. 
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and using the Faddeev- Popov trick twice with respect to the transformations (60) and (62) we 
finally find for Z[J] the following representation 



Z[J] = J VR^VA^exp (^i j d^x£(/?f",A^[,...)j 



(66) 



where the integral measure is 

VR\pA^ = VRVM{d^R^, + d,R^^ + d^R,^)6{d^A^) (67) 

and 

i?f = -^(9V"5^ + 5V^5°-(/i<^'^))^a/3 (68) 

K = [g'-'-^jK. (69) 

are the longitudinal part of the tensor field i^^'^and the transverse part of the vector field 
(describing the transverse part of the tensor field R^^") respectiveljj^ The Lagrangian expressed 
in these variables reads 

C{R^',A'i, J, . . .) = \Rr°^\\,u + ^M^R^'^Rii,. + ^M^A^^DA^^ + A„,(i?f - ^e^^'^^A^p, J, . . .)• 

(70) 

The free propagators of the fields R'^^'^ and A^ are therefore 

A-(p) = -^^P"- (72) 

and, similarly to the case of the Proca field, they have spurious poles at = 0. Due to the form 
of the interaction, however, only the combination 

Ar^ip) = Ap'^(p)+e^^'"^e"^«V«A±^A(p) 
2 2 



p2^M^ M2" 

corresponding to the free propagator of the original tensor field R^'^ is relevant within the Feynman 
graphs and the spurious poles cancel. By analogy with the Proca field case, for the interaction 



Lagrangian invariant with respect to the transformation (60) the field A^ completely decouples 
and can be integrated out. Such a form of the interaction also allows to modify the propagator 
Af|"'"^(p) within the Feynman graphs 



" p^ — 



^Note again that, the field has opposite parity than the field Rf^^ (being pseudovector for proper tensor field 
Rfj_i, and vice versa). 
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and no spurious pole at = effectively appears. In this case the opposite parity spin-one states 
discussed in the previous subsection cannot be dynamically generated. 

In order to illustrate the appearance of the additional degrees of freedom connected with the 



interaction Lagrangian (57) within the path integral formalism, we can make the same exercise 



with the interaction Lagrangian (57) as we did in the previous subsection with (18). Our aim 



is again to make the additional degrees of freedom explicit in the path integral representation of 
Z[J]. The procedure is almost one-to-one to the case of the Proca fields so that we will be more 
concise. The technical details can be found in the Appendix [B} 
We assume the interaction Lagrangian to be of the form 



int 



int'> 



(75) 



where Cct is given by (57) and we assume a > — 1 and 5 > as above. Cmt can be then re-express 



it in terms of the longitudinal and transverse components of the original field 



where 



111/ 



-E^^'-^^k^p, j,...)= £ct(i?r - o^^'^'^A^^, J, 



1 



2 



(76) 



a 



+ 



+^(nAl)(nAj 



7 



4M2 



UR^''){^R\ 



II t^y) 



6 



2M2 



(9"nA^)(9«nA 



(77) 



We then introduce the auxiliary (longitudinal) antisymmetric tensor field Bj^'^ and (transverse) 
vector fields x±, P±, cr± ^1 order to avoid the higher derivative terms in a complete analogy 
with the Proca field case. Again, not all the fields correspond to propagating degrees of freedom 
and such redundant fields can be integrated out. After rescaling the fields and diagonalization of 
the resulting mass terms by means of two symplectic rotations with angles 6v and 6y exactly as 
in the case of the Proca fields (see the Appendix [B] for details) we end up with 



Z[J] = j VRi\VBi\VA^_Vx±Vp^_V(r^VTT^exp j d^x£(/?||, A^, x±, p±, a±, vr^, J, 



with (cf. ( pT) )) 



(75 



+^M2A^[nA^^ 

+^int{R^ \ J, ■ ■ ■) 



(79) 



where 



R 



2 1^11 +^|| , 



[1 + ay/^ 



f.., _ ^^M-/^ (^A,;3 + sinh By + x±ais cosh Oy^ 
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and with the diagonal mass terms corresponding to the eigenvalues (21, 23) (with identification 
M~_|_ — )■ M|_|_). Again we have two pairs of fields with the opposite signs of the kinetic terms, 
namely [R'^^ , B'^^'^) and (xj^jO^x) respectively. As a result we have found four spin-one states, two 
of them being negative norm ghosts, namely B'^^ and cr^ and two of them with the opposite parity, 
namely and o"^. As in the Proca field case, the field A^ effectively compensates the spurious 

!l 



= poles in the i?(f^ and B'^^ propagators within Feynman graphs. 



2.3 First order formalism 

The first order formalism is a natural alternative to the previous two (for the motivation and 
details of the quantization see [12], cf. also [H]). It introduces both vector and antisymmetric 
tensor fields into the Lagrangian, therefore the analysis is a little bit more complex in comparison 
with previous two cases. In this case, the Lagrangian is of the form 

£ = £o + Ant (80) 

where now the free part is 



Instead of just one one-particle irreducible two point Green function we have a matrix 

r(2)(p) = I ^vviP)^^^ ^vRiP)^^^^ j (82) 



where (without any additional assumptions on the form of Cint) the matrix elements have the 
following general form (cf. (|4]) and (43)) 



T'n>n{p),.ap = -(M^ + Sij,j(p^))n;,„^ + -(M^ + Si^^,(p^))n;:,,^ (83) 

T^ilip),. = iM' + i:^yip'))P;^, + iM' + i:^yip'))Pl:, (84) 

r%{p)^ua = ^(M + Sw(/))A^,„ (85) 

^^vniPU. = '-{M + J:ynip'))Ai^^. (86) 

Here S^'^(p^), Syy(p^) and S/jy(p^) = Sy/j(p^) are corresponding self-energies and the off- 
diagonal tensor structures are 



This matrix of propagators 



A(p) = ( ^yy^p^i^'^ ^vR{p)a,ju \ 
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can be obtained by means of the inversion of the matrix (82) with the result 



-n 



fiua/B 



+ 2- 



M2 + S(;^(p2) /^- + 

. M + Sw(p^) , 

m + j:vr{p'' 



D{p') 
D{p') 



-P. 



Dip') 



-A 



t 



where 



D{p') = {M' + S^^^(p^))(M^ + Kvir)) - P\M + Sw(p'))(M + Svi?(p^)). 



(89) 
(90) 
(91) 
(92) 

(93) 



Let us now discuss the structure of the poles, which is now richer than in previous two cases. We 
have three possible types of poles, namely sy, Sy and ss, being solutions of 



D{sv) = 
M' + Elj^isy) = 
M' + E^yiss) = 



(94) 



respectively. As far as the pole sy is concerned, let us assume sy = My > 0. We get then at this 
pole (see also previous two subsections) 



Arr(p) 

^Vvip)^L,y 
'^Rv{p)fMua 

^vr{p)c^iu 



'RR 



p2 _M, 

Zvv 



2E<^'HpR'j(pr+o(i) 



Zrv 



2E^Hp)4'^*(p) + o(i) 



ZvR 



2E<^'Hp)4'npr+o(i) 

y X 



p'^-M, 



y X 



(95) 
(96) 
(97) 
(98) 



where u'^}{p) is given by (49) and the residue are 
Zrr 



M2 + T.ly{M^y] 



V) 



JVV 



'RV 



+ Sj^^(M , 
D'{M^) 

M + ^Ry{Ml 



-M, 



V 



'^"^ D'{M^) 



V- 



Note that, as a consequence of (94) we get the following relation 

72 



ZrrZvv 



^RV — ^VRi 



(99) 
(100) 
(101) 

(102) 
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(remember T,jiv{p^) = Sy_R(]9^)), therefore assuming Zrr,Zvv > the pole = My > 
corresponds to the spin-one one-particle state \p, A, V) which couples to the fields as 

{0\R,M\pA,V) = ZnR'^%'Jip) (103) 
{0\V,mp,X,V) = Zvv'/%'Kp)- (104) 

Again at least one of such states is expected to be perturbative as above and it correspond to the 
original degree of freedom described by jCq] the others decouple when the interactions is switched 
off. The other possible poles, ss = M| and Sy = M~ are analogical to the spin-zero and spin-one 
(opposite parity) states discussed in detail in the previous two subsections; they correspond to 
the modes which are frozen at the leading order and decouple in the free field limit. As we have 
already discussed, without further restriction on the form of the interaction, all the additional 
states can be also negative norm ghosts or tachyons. 

Let us illustrate the general case using a toy interaction Lagrangian of the form 

-^^^{d,Rn{d'R,u) - ^{d,R''^){d^Rap). (105) 



This gives 

S^^(/) = 

sL(p') = 

Syy(P^) = -(^vP^ 

T.Rv{p^) = Ey«(p2) = o (106) 

and for I3v,r > the spectrum of one-particle states consists of one spin-zero ghost, one spin-one 
ghost with opposite parity. Their masses and residue are 

1 

Pv Pv 

Ml = ^, Zy = -^ (108) 
Pr Pr 

(provided < or < the corresponding states are tachyons) and two spin-one states with 
masses 



aR-\- ay ^ vT) 



V = {l + aR + avY - AaRav- (109) 

To get both My^ > we need P > 0, ayoiR > and 1 + + ay > 0; in this case we get for the 
residue Z^^^ and Z^yy at poles My^ 

^rZ^rjIz^ = «y4y4y = ^ > (110) 
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Assuming Z^^^^, Zyy > (note that, for small couplings My_ = M^(l + 0{aji,av)) with 
Z^^, Zyy = l + 0{aR, ay) corresponds to the perturbative solution), the additional spin one-state 
is either positive norm state for av,R > or ghost for av,R < (in this latter case the extra kinetic 
terms in Cct have wrong signs). 

Also in this case the propagating degrees of freedom can be made manifest within the path 
integral formalism. The corresponding discussion is in a sense synthesis of subsections 2.1.2 and 



2.2.1 and is postponed to Appendix O 



3 Organization of the counterterms 

Let us now return to the concrete case of RxT. Our aim is to calculate the one loop self-energies 
defined in the previous section in all three formalisms discussed there. In the process of the loop 
calculation we are lead to the problem of performing a classification of the countertems, which 
have to be introduced in order to renormalize infinities. For this purpose, it is convenient to have 
a scheme, which allows us to assign to each operator in the Lagrangian and to each Feynman 
graph an appropriate expansion index. Indices of the counterterms, which are necessary in order 
to cancel the divergences of the given Feynman graph, should be then correlated with the indices 
of the vertices of the graph as well as with the number of the loops. When we restrict ourselves 
to the (one-particle irreducible) graphs with a given index, the number of the allowed operators 
contributing to the graph as well as that of necessary counterterms should be finite. 

There are several possibilities how to do it, some of them being quite efficient but purely formal 
and unphysical, some of them having good physical meaning, but not very useful in practise. 

In the literature, several attempts to organize the individual terms of the RxT Lagrangian can 
be found. Let us briefly comment on some of them from the point of view of its applicability to 
our purpose. 

The flrst one is intimately connected with the effective chiral Lagrangian C^^es which appears 
as a result of the (tree-level) integrating out of the resonances from the RxT. Such a counting 
assigns to each operator of the resonance part of the RxT Lagrangian Cj-^s a chiral order according 
to the minimal chiral order of the coupling (LEG) of the effective chiral Lagrangian C^^j-es to which 
the corresponding operator contributes ^LU\, [9]. More generally, in this scheme the chiral order 
of the operators from Cres refers to the minimal chiral order of its contribution to the generating 
functional of the currents Z[v,a,p,s] = ^„ Z*^^")[t>, a,p, s]. The loop expansion of Z[v,a,p,s] 
formally corresponds to the expansion around the classical flelds which are solutions of the classical 
equation of motion. The formal chiral order of the resonance flelds corresponds then to the chiral 
order of the leading term of the expansion of the classical resonance flelds in powers of p and 
external sources according to the standard chiral power counting, i.e. 

V^' = 0(p3), Rf"" = Oip"). (Ill) 

At the same time, for the resonance mass (which plays a role of the hadronic scale within the 
standard power counting) we take 

M = 0(1), (112) 

and for the external sources as usual 

y^a'^ = 0(p), x,X+ = 0(p2). (113) 
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The resonance propagators are then of the (minimal) order 0(1) and the order of the operators 
which contain the resonance fields is at least O(p^). This formal power counting therefore restricts 
both the number of the resonance fields in the generic operator as well as the number of the 
derivatives. When combined with the large Nc arguments, it allows for the construction of the 
complete operator basis necessary for the saturation of the LEC's in the chiral Lagrangian at a 
given chiral order and a leading order in the 1 / Nc expansion |9] . 

Originally this type of power counting was designed for the leading order (tree-level) matching 
of RxT and xPT within the large Nc expansion and there is no straightforward extension to 
the general graph F with L loops. The reason is that the above power counting of the resonance 
propagators inside the loops does not reproduce correctly the standard chiral order of the graph. 
As a result, the loop graphs violate the naive chiral power counting in a way analogous to the 
XPT with baryons . 

The second possibility applicable to loops is to generalize the Weinberg pQ power counting 
scheme and formally arrange the computation as an expansion in the power of the momenta and 
the resonance masses [32] (though there is no mass gap and no natural scale which would give to 
such a formal power counting a reasonable physical meaning. Nevertheless, provided we make a 
following assignment to the resonance field and to the resonance mass M 

V^'.R^"' = 0{l), M = 0{p) (114) 

we get for the kinetic and mass term of the resonance field 

= 0{p') (115) 

i. e. the same order as for the lowest order chiral Lagrangian, which allows the same power counting 
of the resonance propagators as for PGB within the pure xPT. As a result, the Weinberg formula 
for the order of a given graph F with L loops built from the vertices with the order Dy, 

Dr = 2 + 2L + "^{Dv - 2), (116) 

V 

remains valid also within RxT- Note however, that now /M"^ = 0(1) and therefore the coun- 
terterms needed for renormalization of the graph with chiral order Dr might contain more than 
Dr derivatives (this feature is typical for graphs with resonances inside the loops because of the 
nontrivial numerator of the resonance propagator). Therefore this type of power counting is less 
useful for the classification of the counterterms than in the case of the pure xPT, where gives 
an upper bound on the number of derivatives of the counterterms needed to renormalize F. 

There are also some other complications, which depreciate this counting in the case of RxT. 
First note that the interaction vertices with the resonance fields can carry a chiral order smaller 
than two. This applies e.g. to the trilinear vertex in the antisymmetric tensor representation 

O'''''' = igp^{R,,R^'Rn (117) 

^Sometimes it is argued [32], [33], that such a counting can be used within the large Nc hmit, due to the fact that 
the natural scale ^xPT ~ 47rF = 0{y/Nc) grows with Nc while the masses of the resonances behave as 0(1). 
In fact this results only in the suppression of the loops but generally not in the suppression of the counterterm 
contributions. In the latter case the expansion is rather controlled by the scale Ah ~ = 0(1), where Mji is the 
typical mass of the higher resonance in the considered channel not included in truncated Lagrangian corresponding 
to minimal hadronic ansatz. 
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or to the odd intrinsic parity vertex mixing the vector and rge antisymmetric tensor field in the 
first order formahsm 

O'''' = e^p^,{{V'^,Rnu^). (118) 

Therefore, increasing number of such vertices will decrease the formal chiral order causing again a 
mismatch between the chiral counting and the loop expansion. Furthermore, such a naive scheme 
unlike the previous one does not restrict the number of the resonance fields in a general operator 
because only the number of derivatives, the resonance masses and the external sources score. 

The former drawback can be formally cured by adding an artificial power of M in front of such 
operator^ (or equivalently counting the corresponding couplings as 0{p^) and 0{p) respectively) 
in order to increase artificially their chiral order and preserve the validity of the Weinberg formula, 
which now can serve as a formal tool for the classification of the counterterms. How to treat the 
latter drawback we will discuss further bellow. Let us, however, stress once again, that there is 
no physical content in such a classification scheme, though it might be technically useful. 

Third possibility how to assign an index to the given interaction terms and to the general 
graphs, independent of the previous two, is offered by the large Nc expansion. In the Nc oo 
limit, the amplitude of the interaction of the n mesonic resonances is suppressed at least by the 
factor 0{N^r"'^'^) and, more generally, the matrix element of arbitrary number of quark currents 
and n mesons in the initial and final states has the same leading order behavior; e.g. for the 

1 /2 

GB decay constant we get F = 0{Nq ). Because within the chiral building blocks the GB fields 
always go with the factor 1/F, we can treat the coupling co corresponding to the operator O of 
the RxT Lagrangian as co = 0{N^°), where 

uo = l- ^-so, (119) 

n§ is the number of the resonance fields contained in O and so is a possible additional suppression 
coming e.g. from multiple fiavor traces or from the fact, that this coupling appears as a countert- 
erm renomalizing the loop divergence^ From such an operator, generally the infinite number of 
vertices V with increasing number tiq^ of GB legs can be derived, each accompanied with a factor 
coF~'^^^^'^ and therefore, suppressed as 0{N^^), where the index uy is given bjj^ 

o V 

uv = l-'^-'^-so. (120) 
For a given graph, we have the large Nc behavior 0{N^^) where 



Y,^v = l-lE-L-J2sa, (121) 



i ^ - 2 

V o 

where L is number of the loops, E is the number of external mesonic lines and we have used the 
identities 

5^(4 + = 2Ir + 2Igb + E 

V 

^In the case of it seems to be natural from the dimensional reason. 

^Note that, each additional mesonic loop yields a further suppression I/Nq, see also bellow. 

^Here and in what follows we use subscript O when referring to the operator, while the superscript V corresponds 
to the concrete vertex derived from the operator O. 

*Here and in what follows, the sum over O include all the operators from which the individual vertices entering 
the graph F are derived with necessary multiplicity. 
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Ir + Igb = L + V-1 (122) 

relating L and E with the number of resonance and GB internal lines Ir and Igb- The loop 
expansion is therefore correlated with the large Nq expansion; higher loops need additionally 
A^'t;— suppressed counterterms Oct with higher so^t- 

So., = (l-lE]-u;r = L + J2so (123) 



Though the formula (121) refers seemingly to individual vertices, reformulated in in the form 
(123) it points to the members of the chiral symmetric operator basis of the RxT Lagrangian. 
However, as it stays, it does not suit for our purpose because the large Nq counting rules give 
no restriction for the number of derivatives as well as to the number of resonance fields (once 



the couplings respect the leading order large Nq behavior described above). The formula (123) 
expresses merely the the fact that the large Nc expansion coincide with the loop one. 

Let us now describe another useful technical way how to classify the couterterms, which could 
overcome the problems with the above schemes and is in a sense a combination of them. Let us 
start with the familiar formula for the degree of superficial divergence dr of a given one particle 
irreducible graph F, which provides us with the upper bound on the number of derivatives dd in 
a counterterm Oct needed for the renormalization of F. Because in the Proca and antisymmetric 
tensor formalisms the spin 1 resonance propagator behaves agjO(l) for p — )■ oo, we get 



do., < = 4L - 2Igb + ^do (124) 

o 



where do means the number of derivatives of the vertex V derived from the operator O. Elimi- 
nating Igb in favour of L and Ir and using the identity 



^ng = 2/R + EH, 

o 



relating Ir with the number of external resonance lines Er, we get eventually 

do., < rfr = 2 + 2L + ^{do + - 2) - Er. 



o 



Adding further to both sides X]c'(2^f + 2np + + n^), the total number of insertions of the 
external f , a, p and s sources weighted with its chiral order, we have 

Do., + - 2 < 2L + 5^(Do + - 2) 

o 

where Do is the usual chiral order (as in pure xPT) of generic operator O. Therefore, introducing 
an index io of a general operator O as follows 
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io = Do + n^-2 (125) 

^In the case of the first order formaHsm, the mixed propagator behaves as 0{p~'^). In this case, dr = 4L — 
~ Irv "^o "where Inv is number of the internal mixed lines. In the following considerations we can take 



the r.h.s. of (124) as an upper bound on dy with the conclusions unchanged. 

Analogous assignment of the chiral order to the interaction terms with at least two resonance fields is proposed 
in |32l , note however, that in this reference it is used by means of substitution Dy — >■ io in the Weinberg formula 



(1161 with counting M ^ 0{p). 
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we get analog of the Weinberg formulap^ now in the form of an upper bound 

ioct < «r = 2L + y^zp. 



(126) 



Let us now discuss its properties more closely. First, the number of operators with given io < imax 
is finite, because this requirement limits both the number of derivatives as well as the number of 
resonance fields. Second, note that, for general operator O the index > 0. We have io = ^ 
for the leading order xPT Lagrangian, for the resonance mass (counter)terms as well as for the 
resonance-GB mixing term {A^u^) possible for l"*"" resonances in the Proca field formalism 
The usual interaction terms with one resonance field and O(p^) building blocks correspond to the 
sector io = 1, the same is true for the trilinear resonance vertex (117) as well as for the "mixed" 



vertex (118), while the two resonance vertices with 0{p^) building blocks correspond to the sector 



io = 2, etc. 



Therefore, according to the formula (126), the loop expansion is correlated with the organiza- 



tion of the operators and loop graphs according to the indices io and ir respectively analogously 
to the pure xPT, with the only exception that also lower sectors of the Lagrangian w.r.t. io are 
renormalized at each step. Therefore, we get the renormalizability provided we limit ourselves to 



the graphs composed from one-particle ireducible building blocs for which the RHS of (126) is 
smaller or equal to Vax- 

The counting rules can be summarized as follows 



Rf.u, V^ = 0{p),M = 0{l) 
and for the external sources as usual 

^;^a^ = 0(p), x,X^ = 0{p'). 
Note also that, the index io can be rewritten as 



io = Do-2{l 



n 



(127) 



128) 



(129) 



and in the last bracket we recognize the exponent controlling the leading large Nc behavior of 
the coupling constant in front of the operator O. Remember, however, that the loop induced 



counterterms have an additional 1/Nc suppression for each loop (cf. (121)). Therefore it is 
natural to modify the index io and i^ as follows (the coefficient 1/2 is a matter of convenience, 
see bellow) 



2 

iT_ 
2 



+ So = 
+ sr = L 



2^1 2 



E 



2 



- So 

2L- 



+ sr 

o ~ o 



2 



Do — cjo 



(130) 



^^This can be recovered for — 0, when the inequahty changes to the equahty. 
^^Note however, that this term can be removed by means of the field redefinition. 
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where uo is given by ( 



19) and we have used (123) in the last hne. With such a modified indices 



io, ir the formula (|126|) has the form 

To,, <Tr = 2L + ^To (131^ 



o 



The content of this redefinition of io is evident: the operators are now classified according to 
the combined derivative and large Nc expansion according to the counting rules (for pure xPT 
introduced in 



p = 0{5'"), V, a = 0(5'/'), X, = 0(6), = 0(5) (132) 
In what follows we shall use for the classification of the counterterms and for the organization of 



our calculation the index io given by (125) and (126). Note however, that these formulae similarly 



to the previous cases, do not have much of physical content and serve only as a formal tool for 
the proof of the renormalizability and for the ordering of the counterterms. Namely, the index 
ir which is by construction related to the superficial degree of the divergence (and which applies 
to one-particle irreducible graphs only) does not refiect the infrared behavior of the (one-particle 
irreducible) graph F, rather it refers to its ultraviolet properties. 

Note also, that the hierarchy of the contributions to the GF by means of fixing for one- 



particle irreducible building blockt might appear to be unusual. For instance, let us assume the 
antisymmetric tensor formalism. Taking then ir = allows only the tree graphs with vertices 
from pure O(p^) chiral Lagrangian with resonaces completely decoupled (the only = relevant 
term with resonance fields is the resonance mass terms) and such a case is therefore equivalent 
to the LO xPT- When fixing i^ < 1, also the terms linear in the resonance fields (at least in 
the antisymmetric tensor formalism, where the linear sources start at 0(p^)) can be used as the 
one-particle irreducible building blocks and again only the tree graphs are in the game. However, 
the resonance propagator is still derived from the mass terms only. Therefore, summing up all the 
tree graphs with resonance internal lines leads then effectively to the contributions equivalent to 
those of the pure O(p^) xPT operators with O(p^) LEG saturated with the resonances in the usual 



way ^'^ Because the resonance kinetic term has io = 2, the resonances start to propagate only when 
we take ir < 2. At this level we recover the complete NLO xPT as a part of the theory (including 
the loop graphs) supplemented with tree graphs built from the free resonance propagators and 
vertices with io < 2. As far as the resonance part of the Lagrangian is concerned, these vertices 
coincide with the 0{p^) vertices in the first type of power counting we have considered in the 



beginning of this section (where we assumed Rf^u = 0{p'^), see (111)) but also the four resonance 
term without derivatives is allowed. The resonance loops start to contribute at ir < 3 (with the 
resonance tadpoles) and ir < 4 (with the pure resonance bubbles). In order to renormalize the 
corresponding divergences, plethora of new counterterms with increasing number of resonances as 
well as increasing order of the chiral building blocks is needed. In what follows we will encounter 
graphs with ir = 6 (the mixed GB and resonance bubbles) for which we will need counterterms 
up to the index io < 6. 

^^That means at a given level imax "we allow for all the graphs with one-particle irreducible building blocks 
satisfying it < imax- This point of view is crucial in order to preserve the symmetric properties of the corresponding 
GF. 

^^Here we tacitly assume that the trilinear term without derivatives has been removed by means of field redefi- 
nition, cf. [91 [To]. 
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Figure 1: The one-loop graphs contributing to the self-energy of the Proca field. The dotted 
and full lines corresponds to the Goldstone boson and resonance propagators respectively. Both 
one-loop graphs have ir = 6 



4 The self-energies at one loop 

In this section we present the main result of our paper, namely the one-loop self-energies within 
all three formalisms discussed in the Section [2] in the chiral limit. In what follows, the loops are 
calculated within the dimensional regularization scheme. In order to avoid complications with the 
c?— dimensional Levi-Civita tensor, we use its simplest variant known as Dimensional reduction, 
i. e. we perform the four-dimensional tensor algebra first in order to reduce the tensor integrals to 
scalar ones and only then we continue to d dimensions. 



4.1 The Proca field case 

Our starting point is the following Lagrangian for 1 resonances [37] (see also [38] 



'—gv{V^''K,u,]) + lcxve^p,,{{V'',V>'''}u^) + ... (133) 



where we have written down explicitly only the terms contributing to the self-energy. Originally 
i t was con structed to encompass terms up to the order 0{p^) within the chiral power-counting 
(111, 112). In the large Nc limit the couplings behave as gy = 0{N^^'^) and ay = 0{N^^^'^). This 



suggests that the odd intrinsic parity terms are of higher order, however the vertices relevant for 
our calculations have the same order 0{N^^) in both cases due to the presence of the factor 1/F = 

1 /2 

0{N~''") which accompanies each Goldstone bosons field. In the above Lagrangian the operators 
shown explicitly have no more than two derivatives and two resonance fields. Therefore, because 
the interaction terms are O(p^) we would expect (by analogy with the xPT power counting) the 
counterterms necessary to cancel the divergencies of the one-loop graphs to have four derivatives 
at most. However, the nontrivial structure of the free resonance propagator (namely the presence 



of the Pl part) results in the failure of this naive expectation. In fact, according to (125) and 



(126), the operators in (133) have index up to io < 2, whereas the Feynman graphs corresponding 
to the self-energies T,l^t (depicted in Fig. [T]) = 6. In order to cancel the infinite part of the 
loops we have therefore to introduce a set of counterterms with two resonance fields and indice^ 
< 6, namely 



'Note that, for these counterterms the index io coincides with the usual chiral order Dq- 
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(134) 



Here the last term accumulates the operators with six derivatives {io = 6), which we do not 
write down explicitly. The bare couplings are split into a finite part renormalized at a scale ii and 
a divergent part. The infinite parts of the bare couplings are fixed according to 
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The result can be written in the form (in the following formulae x = s/M"^) 
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In the above formulae and Pi can be expressed in terms of the renormalization scale independent 
combinations of th e counterterm couplings and xlogs. The explicit formulae are collected in 
the Appendix D.l The functions B{x) and J{x) correspond to the vacuum bubbles with two 
Goldstone boson lines or with one Goldstone boson and one resonance line respectively. On the 
first (physical) sheet, 



B{x) 
J{x) 



B\x) 
J\x) 



1 
1 

X 



ln(— x) 



X 



ln(l — x) 



(135) 



where we take the principal branch of the logarithm (— vr < Imlnx < vr) with cut for x < 0. On 
the second sheet we have then B^\x — iO) = B\x + iO) = B\x — iO) + 2m and similarly for J{x), 
therefore 



B^\x) = B\x) + 2m 
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(136) 



The equation for the pole in the 1 channel 

s-M^ - Et{s) = 

has a perturbativc solution corresponding to the original 1 vector resonance, which develops a 
mass correction and a finite width of the order 0{1/Nc) due to the loops. This solution can be 
written in the form s = M^^^^ — iMphysFphys where 



Mp\y, = M2 + ReET(M2) = M2 



MphysFphys = -lmSr(M') = M' 
which gives a constraint on the values of ccj's 
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and in terms of the physical mass and the width we have then 
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For further numerical estimates it is convenient to adopt the on shell renormalization prescription 
demanding = -^phys ^^'^ identify F with (because F = F^r at the leading order). 

This gives 



2 3 



i=0 



and, introducing parameters Oj, 6^ with natural size 0{1) 
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Figure 2: The one-loop graphs contributing to the self-energy of the antisymmetric tensor field. 
The dotted and double lines correspond to the Goldstone boson and resonance propagators re- 
spectively. The GB and pure resonance bubbles have ir = 4, while the "mixed" one has ir = Q 

4.2 The antisymmetric tensor case 

We start with the following Lagrangian for 1 resonances (here only the terms relevant for the 
one-loop selfenergy are shown explicitly) 

+ '^{R^''[u,,u,])+d,e^,^„{Dpu'^{R^-,R^^}) 

+ d^ep^^x^u^D^R^", RP'']) + d^Sp^^^MD'^R^'' , i?"'^}) 

+ iA^^^(/2^,i?^''i?"") + ... (137) 

1 /2 

Note that, in the large Nq limit the coupling Gy behaves as Gy = 0{NJ ), whereas di = 0(1) and 
\vvv _ (9(jV'~^/^). Apparently the intrinsic parity odd part and the trilinear resonance coupling 
are thus of higher order. However, the trilinear vertices contributing to the one-loop self-energies 

]^/2 1/2 

are 0{N(j ) in both cases due to the appropriate power of 1/F = 0{N^ ) accompanying Ua- 
Therefore, the operators with two and three resonance fields cannot be got rid of using the large 
Nq arguments. Also nonzero di are required in order to satisfy the OPE constraints for VVP GF 
at the LO; especially for ^3 we get [32] 

where Fy is the strength of the resonance coupling to the vector current. 



The Lagrangian (137) includes terms up to the index io < 2. The one- loop Feynman graphs 
contributing to the self-energy are depicted in Fig. |2j The first two bubbles include only interaction 
vertices with = 1 and therefore they have indices ir = 4 while the third one is built from vertices 
with tQ = 2 and has the index ir = 6. In order to cancel the infinite part of the loops we have 
then to add counterterms with indices io < 6, namely the following set 

£^ = ^M^ZMiR^'R.u) + Izr{D^R''^D''Rp,) + ^Yn{Do.R^''D''R^,) 

+ ^Xni{D'R^''{D,,D'^}Rp,) + ^Xn2{{D,, D^}R^^''{D'' , D"}Rp^) 
+ Ixrs{{D'', D'^jR^'^D,, D^}Rp,) 

o 

+ '^Wr,{D''R^-D^R^,) + ^WR2{{D'',D^}R^^^{D^,Dp}Rp,) 
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(139) 



where the last term accumulates the operators with six derivatives {io — 6), which we do not 
write down explicitly. The infinite parts of the bare couplings are fixed as 
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where 

= x^M + xM + xM 

An explicit calculation gives for the renormalized self-energies (in the following formulae x 

s/M^) 
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Here the functions B{x) and J(x) are same as in the previous subsection and J{x) is given on the 
physical sheet by 



J(x) = /(a;) = 2+ Jl--ln^^ 



X 



1-^ + 1 

X 
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^11 , 



with the same branch of the logarithm as before. On the second sheet we have J (x — iO) 
J (x + iO) = J (x — iO) + 2m^Jl — 4/x and therefore 



f\x) = j\x) + 2m^l- 1 
The exphcit dependence of the renormahzation scale invariant polynomial parameters and /5j 



on the counterterm couplings and x^ogs are given in the Appendix D.2 

In order to simplify the following discussion we put A^^^ = in the rest of this subsection. 
This is in accord with the fact, that the corresponding trilinear interaction term can be effectively 
removed by resonance field redefinition [9j. Also, the two-resonance cut starts at a; = 4 which is 
far from the region we are interested in. Here the effect of the resonance bubble can be effectively 
absorbed to the polynomial part of the self-energies. 

The equation for the propagator poles in the 1 channel 



s-M^-T.,is) 







has an approximative perturbative solution corresponding to the original 1 vector resonance, 
which develops a mass correction and a finite width of the order 0{1/Nc) due to the loops. This 
solution can be written in the form s = ^phys ~ i^physrphys where 

Mp\y3 = + ReSL(M2) = 

MnwFnw = -ImSL(M2) = | | - | — | vr, 



M V 1 fGv^ ^ 



'physJ- phys 

which gives a constraint on the values of a^'s 

iV^phys + -Mphy^Fphys = 
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This allows us to re-parameterize perturbatively Si(s) in terms of Mphys and Fphys as 



Ml 



phys 



40 



y^a^x' - —dl{x^ - l)^J(x) 



"^^phys 



phys 



47rF 



i=0 
3 



Fphys MphysX^5 fx) 



vr 



20 



^ (3ix' + — (2c?3 + (4 + 6^36/4 + dl)x + 2dlx'^) (x - 1)^ J(x) 



i=0 



As for the Proca field case, within the on shell renormahzation prescription = M'^^^^ and 
we get a constraint 
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As a result, we can re-write the self-energy (in the units of Mpj^y^, i.e. as in the previous section 
M~^^J2^j^{M^^y^x) in what follows) in the form 
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using the re-scaled parameters Oj with a natural size 0(1) 
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So that the S^(s) has four independent parameters a^, i = 1,2,3 and d^. Similarly, T,'t{s) can be 
written in this scheme in terms of six independent dimensionless parameters bi , ds and 7 
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In order to satisfy the OPE constraints for VVP correlator ^\ , we have to put further (according 



to (138)) 
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which reduces the number of the independent parameters for cr£(x) and cr^(x) to three and five 
respectively. 

4.3 The first order formalism 

In this case, the interaction part of the Lagrangian describing 1 resonances collects all the terms 
from the previous two formalisms. It contains also one extra term which mixes the the fields R^^ 
and Va 

' ''^'':{R^''[u^,u,]) + d,E,,UDpu'^{R'"',R'"'}) 



2V2 

+d^ep^^x{u\D,R^'^, RP''}) + d^e^^^^MD^R^^ , R'"'}) 
+ \MaRveo.p^A{V\ Rn^^) + iX'''''' {R^.R^'' R^ + ■■■ 
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Figure 3: The extra one- loop graphs contributing to the vector field self-energy of in the first order 
formalism. The dotted and double lines corresponds to the Goldstone boson and antisymmetric 
tensor field propagators respectively, the thick line stay symbolically for the "mixed" propagator. 



Because the free diagonal propagators are the same as in the pure Proca or antisymmetric tensor 
cases, all the graphs depicted in the Figs. [T| [2] contribute also here to the diagonal self-energies 
and Syy. The mixed vertex and mixed propagator generate additional graphs contributing 
to Sk_r, and S/jy which are depicted in the Figs. [3| |4] and [s] respectively (in the latter case 
also the GB bubble contributes). 




Figure 4: The extra one-loop graphs contributing to the antisymmetric tensor field self-energy in 
the first order formalism. The meaning of the various types of lines is the same as in the previous 
figures. 
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Figure 5: The one-loop graphs contributing to the "mixed" self-energy in the first order formalism. 
Similarly, the set of counterterms necessary to renormalize the infinities includes all the terms 



(134) and (139) and additional mixed terms 
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Now the infinite parts of the bare couphngs have to be fixed as follows 
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The renormalized self-energies can be then written in the form 
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Here again the renormalization scale independent coefficients of the polynomial parts of the self- 
energies are expressed in terms of the couplings and chiral logs; the explicit formulae can be found 



in the Appendix D.3 



The equation for the poles in the 1 channel 

D{s) = {M' + S^^(s))(M2 + S^^(s)) - s{M + Sw(s))(M + Evr{s)) = 

can be solved perturbatively writing the solution in the form s = M^^^^ — iMphysFphys = + A. 
To the ffist order in A and the self-energies we get then 
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which yield the constraint 
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In the on-shell scheme = Mpj^y^we get further 
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On the contrary to the previous two cases, this allows to exclude both the constants gv and Gy 
in favor of the physical observables only for the combination 
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(here E^'^ = M^a^^, E^^ = Mctw etc.), where 
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are parameters of order 



From the OPE constraints applied to VVP correlator within the first order formalism we get 
further 
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Using dimensionless variables, we can write the condition for the poles in the form 

(1 + (J^rr{x)){1 + (Jly{x)) - x{l + aRv{x)){l + avR{x)) = 
in the 1 channel and 

l + a^y{x) = 
in the 1"' and O"*"" channels respectively. Within the on-shell scheme 
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4.4 Note on the counterterms 



Let us note, that the counterterm Lagrangians (134), (139) and (142) might be further simphfied 



using the leading order equations of motion (EOM) in order to ehminate the terms with more 
then two derivatives as it has been done e.g. in [TB]. However, this does not mean, that we do 
not need to introduce such counterterms at alL As we have proved by means of the above exphcit 
calculations, without the higher derivative counterterms (or equivalently without the couterterms 
proportional to the EOM) we would not have the off-shell self-energies finite. 

In fact, the infinities originating in the missing EOM-proportional counterterms are not al- 
ways dangerous. Note e.g., that such infinities are in fact harmless, provided we restrict our 
treatment to strict one-loop contribution to the GF of quark bilinears or to the corresponding 
on-shell S-matrix elements. Namely, in this case, the one-loop generating functional of the GF 
is obtained by means of the Gaussian functional integration of the quantum fluctuations around 
the solution of the lowest order EOM. As a result, the EOM can be safely used to simplify the 
infinite part of the one-loop generating functional. On the strict one-loop level the infinite parts 
of the self-energy subgraphs corresponding to the missing EOM-proportional counterterms cancel 
with similar infinities stemming from the vertex corrections. 

Nevertheless, already at the one-loop level these counterterms might be necessary under some 
conditions. Namely, near the resonance poles we can (and in fact have to) go beyond the strict one- 
loop expansion e.g. by means of the Dyson resumation of the one-loop self-energy contributions 
to the propagator. This will generally destroy such a compensation of infinities. This is the reason 



why we keep the counterterm Lagrangian in the general form (134), (139) and (142). 
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5 From self-energies to propagators 



In the previous sections we have given the exphcit form of the self-energies in a given approxi- 
mation within all three formalisms for the description of the spin-1 resonances. Here we would 
like to discuss interpretation of these results and the construction of the corresponding propa- 
gators. We will concentrate on the most frequently used antisymmetric tensor representation, 
where all the characteristic features of other approaches are visible without unsubstantial tech- 
nical complications. The remaining two cases can be discussed along the same lines with similar 
results. 

Let us remind the form of the self-energies for the antisymmetric tensor case 
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(143) 



where d^, is given by (138) and where we have already re-parametrized the general result in terms 
of the parameters of the perturbative solution of the pole equation in the 1 channel (which we 
have identified with the original degree of freedom). In doing that we have tacitly assumed the 
validity of the general relation between the self-energies and the propagator (44). The equations 
determining the additional poles of the propagators are then 
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(144) 
(145) 



In what follows we shall discuss these equations in more detail. We will find a lower and upper 
bound on the number of their solutions and give a proof, that the corresponding lover bounds are 



greater than one on both sheets. We will also briefly discuss the compatibility of the relation (44) 



with the Kallen- Lehman representation and show, that at least one of the roots of ^ and ( 145 ) 
corresponds inevitably either to the negative norm ghost or the tachyon 



5.1 The number of poles using Argument principle 



Let us first briefly discuss a determination of the number of solution of the equations (|6j) and ( 145 ). 
This can be made using the theorem known as Argument principle (see e.g. [IQ]). According to 
this theorem, for a meromorphic function f{z) with no zeros or poles on a simple closed contour C, 
the difference between the number of zeros and poles P (counted according to their multiplicity) 
inside C is given as 

N-P = ^[aTgf{z)]c. (146) 

Here [a.Tgf{z)]c is the change of the argument of f{z) along C. Using this theorem we will show, 
that in both cases ([6]) and (145) there is a nonzero lower bound on the number of solutions on 
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the first and the second sheet, which correspond to the poles of the propagator (44). We will also 
give conditions for the saturation of these lower bounds. 



Let us start with (145). The left hand side of the pole equation friz) = 1 + cr^(z) is analytic 
on the first sheet (and meromorphic on the second sheet) of the cut complex plane with cut from 
z = 1 to z = +00. Let us choose contour C = C+ + Cr — + Ce which is usually used for 
the proof of the dispersive representation for the self-energy, namely the one consisting of the 
infinitesimal circle encircling the point z = 1 clockwise, two straight lines C± infinitesimally 
above and bellow the real axis going from z = 1 to z = R and a circle Cji corresponding to 
z = Re^^, < 6 < 27T, and take the limit with e — )■ 0, i? — )■ oo in the end. According to the 
argument principle, the total change of the phase of the function f^'^\z) along this contour gives 
the number of zeros (with their multiplicities) of f{z) on the first sheet and n^' — 2, where n^^ 
is the number of zeros of f{z) on the second sheet (note that f^iz) has pole of the second order 
at z = 0) lying inside the contour C, i.e. 

= ^[arg/T(2^)]c 
n'' = ^[arg f^\z)]c + 2. 

Let us assume the contour Ce first. Suppose that a; = 1 is not a solution of the equation 
friz) = 0. As a consequence, [arg /^''^^(2;)]c7^ vanishes 
On the contour C/j, i.e. for z = Re^^ we get for ^ 

and therefore, for R — )■ oo, [aig f^'^\z)]cii — J- Qtt. The same is valid also for 63 = with 7 7^ 0. 
However, for 63 = 7 = we get 




In this case [arg /^'■'^^(2;)]c^ — )■ Att and because ds (unless we are in a conflict with OPE for 
the tree level VVP correlator^''), this gives also the lower bound for [arg /^'■^'^(z)],^^. 

Finally let us discuss the lines C±. Because Im /^(x ± iO) = lm.a^{x ± iO) ^0 (and 
is real analytic), Im fj-\x ± iO) > for x > 1, and Ref^'^\R ± iO ) — )■ —00 for i? — 00, we 
can easily conclude that in this limit [arg /^'^^(z)]c_^ = unless f^'^\l) > 0, in the latter case 
[aTgf^'^\z)]c+ = re and in both cases [arg /^'^^(2)]c_ = ±[arg /^''^'^(z)]c+. 

Putting all pieces together we get under the assumption /^^^(l) 7^ the following bound 

[arg/^'^^(^)]c>47r 



^In the case /^'^^(x) — > for x — > 1 when fip ^^ [x) = [x ~ 1)^ g^'^^(x) where A; < 3 and when gi^^^ (x) (which 
the branching 
''Note howevei 
loop corrections. 



has the branching point at a; = 1) has a finite nonzero limit at a; = 1) we get [aig f^'^^ {z)]c^ = —ink. 

^^Note however, that the requirement that the tree level conditions for OPE are satisfied might be modified by 
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and therefore for the number of zeros in the cut complex plane we get 



2 < n' <A 



4 < n^^ < 5 



(147) 
(148) 



where the lower bound is saturated for frp 
> and either 63 ^ or 7 ^ 0. For /, 



,1) < 
i,ii 

T 



its multiplicity into n^'^^) the these bounds are valid toc^^ 

An analogous simple analysis for /^(-z 
from z = Q to z = +00 gives 



0, 63 = 7 = and the upper bound for 
(provided we include also this zero with 
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for f,'\Q) ^ 



n 



3 



< < 4 
= 5 



in the cut complex plane with the cut 

(149) 
(150) 



where the lower bounds are saturated for f^^ (0) < otherwise equals to the upper bound. 

We can not therefore avoid in any way the generation of the additional poles (some of them 
might even be of the higher order) in both 1 and 1"* channels of the propagator only by means 
of an appropriate choice of the free parameters Oj, hi and 7. The minimal number of the additional 
poles (with their orders) on the second sheet is the same for both channels (note that, one pole 
in 1 channel has to correspond to the perturbative solution describing the original degrees of 
freedom we have started with). The conditions for the saturation of the lower bounds in the 1 
and l"*"" channels are 



1 r 



phys 



TT 



M, 



phys 



9 V4vrF^ ' 



and 



1 r 



phys 



ttM 



phys • 



= 7 
> 1 



(151) 

(152) 
(153) 



i=0 



respectively. Note that, while the first condition is in accord with the large Nq counting, the last 
one is not. Let us now discuss the physical relevance of such additional poles. 
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In this case the point x 



1 is solution of /^'^^(x) 



and provided /^'^^(x) 



— 1)*^ g^rj^^^ {x) (zero with 
the number of the poles 



multiplicity fc < 3) we have according to the footnote 16 the phase deficit — 27rfc (i.e. 
different from z 

^^Note, that in this case, 



1 is then reduced by k) in comparison with the case f^'^\x) 7^ 0. 



3„3ie 



1 r 



phys 



TT M, 



as 



phys 



40 
~9 



phys 



dj [1 -lni? + i(27r-6l=F7r)] 




and therefore [arg /^'^^(z)]c^ = Qir 
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5.2 The Kallen-Lehman representation and nature of the poles 



In this subsection, we will show that the the propagator (44) with self-energies (142) and (143) is 
incompatible with the Kallen-Lehman representation with the positive spectral function. More- 



over, at least one of the solutions of both equations (|6j) and ( 145 ) is pathological and corresponds 
to the negative norm ghost or the tachyonic pole. 

Let us first briefly remind the Kallen-Lehman representation of the antisymmetric tensor field 
propagator. According to the Lorentz structure we can write the following spectral representation 
of the full propagator (modulo generally non-covariant contact terms) 

^,uap{p) = p'llla,iP)^T{p') - p'Kua^{p)AL{p') + A™(p) 



where (up to the necessary subtractions) 



2^ 



and where the spectral functions Pt,l{p^) are given in terms of the sum over the intermediate 
states as 

(2vr)-^0(/) [pT(p^)/nJ,„^(p) -p4/)/nJ,,,(p)] = J]5(^)(p-p;v)(0|i?,.(0)|iV)(iV|i?„^(0)|0). 

N 

(155) 

Note that, in the above formula we assume all the states \N) to have a positive norm; the spectral 
functions Pl,t{p^) are then positive (for the proof see the Appendix |e]). For the one particle 
spin-one bound stated states \p, X) with mass M either 

(0|i?,.(0)b,A) = zl/\W(p) (156) 

or 

(0|/?^.(0)b,A) = 4/'«;W(p) (157) 



according to its parity (cf. (50) and (|56|)). Therefore (using the formulae from the Appendix [E|) , 
the corresponding one particle contribution to Pl,t(/^^) is 

Positivity Pl,t(/^^) implies ^ > in the above one-particle contributions. 
For free fields with mass M we get 



2 



Note the kinematical poles in Ai^Tip"^) at = 0, which do not correspond to any one-particle 
intermediate state and which sum up to the contact terms of the form 

Ai™°*^'*(^) = (dtiaQpu - g^L/sgua) ■ (160) 
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Let us now define for complex z by means of tlie analytic continuation (up to the possible 
subtractions) 



Al,t(^) 



s-z 



define as (cf. (44)) 



Within the perturbation theory however, the primary quantities are the self-energies, which we 

1 2 

]t(s) 

(162) 



Al(.) 



sM2 + St(s) 
1 2 



The poles at s = are of the kinematical origin and in analogy with the free propagator they sum 
up into the contact terms provided 2^(0) = 11^(0). The formulae (162) can be understood as the 



Dyson re-summation of the IP/ self-energy insertions to the propagator or as an inversion of the 
IP J two-point function. Due to the positivity of Pl,t{s), we get for the imaginary parts of S^^t 
the following positivity (negativity) constraints: 



ImEL(s + iO) = ^^(s)s ImAL(s + 20)|s - - Sl(s + 20)|^ < 



ImST(s + iO) 



1 



e{s)s ImAr(s + iO)\M^ + Si(s + iO)p > 0. 



(163) 



Let us now turn to the RxT -like effective theories and try to demonstrate their possible 
limitations. In such a framework the self-energies T^l^t are given by a sum of the IPI graphs 
organized according to some counting rule (for RxT e.g. by the index ir , cf. (126)). Up to a 



fixed given order (which we assume to be fixed from now on) we have the asymptotic behavior 
El,t{z) = Oiz'^ln^z)) for z — )■ — oo according to the Weinberg theorem. Here n corresponds to 



the maximal degree of divergence of the contributing (sub)graphs and therefore, it grows with 



the number of loops as well as with the index of the vertices (cf. (125) ). 

Such a grow of the inverse propagator is known to lead to problems. Suppose e.g., that we can 
organize the result of the calculation of the IPI graphs in the form of a dispersive representation 
for the functions ^^ ^(z) on the first sheet 



TT 



dx ImSL_T(a; + ^0) 



. Q^;(x) x-z 



(164) 



where Xt > is the lowest multi-particle threshold, P^' (z) and (5„+i(-2) (we suppose Q^]^i{x) > 
for X > 0) are renormalization scale independent real polynomials of the order n and n + 1 
respectively and lm.T,L,T{x + iO) can be obtained using the Cutkosky rules. The contributions to 

^"Here we do not assume the existence of any C DD poles [41 for simplicity. In general case, provided the spectral 
representation of A^^t is valid in the form ( 161 ), and ImA£^rp(s) — 0(s") for s — > cx) we formally get 



(z)=P„(z) + Q,^^;(z) 



1 



dx lui A^^jx) ^ ^ C, 



l(^) 



20i 



where Ci > and < zoi < Xt correspond to the CDD poles. 
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P„ ' (z) stem from the counterterms necessary to renormalize the superficial divergences of the 



contributing IPI graphs as well as from the loops (xlogs)" 

As a consequence, the functions z'^AiT(z) where < k < n and where Al^t{s) is naively 
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defined by (162) are analytic (up to the finite number of complex poles Zj generally different for 



Al and At and a kinematical pole at 2; = - see bellow) in the cut complex plane. As far as 



the number of poles zj are concerned, provided ImEL^xix + iO) ^ as suggested by (163), we can 
almost literally repeat the analysis from the previous subsection based on the argument principle. 
The change of a phase of the inverse propagator along the path Cr is now [arg y(2;)](7^ — > 27in 
(for R — i- 00), while the absolute value of the [arg A2\^{z)]c^ is bounded by vr due to the positivity 
(negativity) of ImSi r(x ± iO). Provided A^lp(xt) 7^ 0, we can therefore conclude 

n-1 < (165) 
n < n^^-p^^ (166) 

where n^'^^ is the number of the solutions of the equation A2\^{z) = on the first and second 
sheet respectively and p^^ is the number of the poles (weighted with their order) of T,l,t{z) on the 
second sheetH 

Therefore, because z''Al^t{z) = 0{z'^~"'^^), we can write for < k < n an unsubtracted 



dispersion relation (cf. ( 161 ), we will omit the subscript L, T in the following formulae for brevity 



and write simply A (2;), p{s) etc.) 

yk poo ^k. 



. ^ ^ ^ RjZ^. 1 p ^ xMiscA(x) 
z^Aiz) = > + - / dx — 

^Z- Zj TT J^^ X-Z 



or 



1 V- Rj^i 1 r . a;MiscA(x) , 

^ _ ^ ^^K J X — Z 



and for = (note the kinematical pole at z = 0) 



, , , Rq ^ Ri 1 /"^ , discA(a;) , , 

A(z) = ^ + V ^— + - / dx — 168 



Z — ' Z — Zj Jt, X — Z 



Due to the asymptotic fall off A{z) = 0{z " ^) the discontinuity discA(x) has to satisfy the 
following sum rules 

- - / dxx'=discA(x) + ^RjZ^ = 0, 0<A;<n-l. (169) 
/ da;discA(x) + +i?o = (170) 



^^In what follows we give such an representation of our one-loop ir < 6 result explicitly. 

^■^Note that, the case n = 1 is in some sense exceptional. In this case it is possible to get a realistic resonance 
propagator compatible with the Kallen-Lehman representation with no pole on the first sheet and one pole on the 
unphysical sheet. Such a propagator has been obtained in [42 for scalar resonances. Cf. also 
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Suppose on the other hand vahdity of the dispersive representation (161). Then all the poles have 
to be real, and we can identify 

p(s) = --discA(s) + V Rj6{s - Zj) + Ro8{s). (171) 



However, the sum rules (169) are generally inconsistent with the spectral representation (161). 
The validity of some of them might require either an appearance of the states with the negative 
norm in the spectrum, i.e. we are in a conflict with the positivity of the spectral function p{s) > 
or an appearance of physically non-acceptable tachyon poles leading to the acausality. For instance, 
suppose discA(s) < 0, then for Rq > at least one of the poles has to correspond to a negative 
norm one-particle state (ghost). On the other hand, for disc A (s) < 0, Rj > we can still satisfy 
the k = sum rule with negative Rq, however, from the k = 1 sum rule we need at least one pole 
to be negative (tachyon) (in this case, however, the sum rules with even k cannot be satisfied) 
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These considerations illustrate the known fact that the representation of the propagator based on 



the formulas ( 162 ) has limited range of validity within the fixed order of the perturbation theory 



and has to be taken with some care. 

One point of view might be that the range of applicability of the formulae ( 162 ) is |2;| < A^ax = 
min{|2;j|} where {zj} is the set of unwanted poles. Provided there exists a genuine expansion 
parameter a applicable to the organization of the perturbative series, according to which t 
= ^j>o'^*^LT (^-9- expanding in powers of a = 1/Nc in RxT), one can expect the additional 
(generally pathological) poles of Ai^t{z) to decouple ( i.e. Amax — )■ oo for a — )• 0). In such a case 
we could argue that they are in fact harmless. However, the size of Amax for actual value of a 
need not to be far from M which could invalidate this approach to the theory in the region for 
which it was originally designed. 

Alternatively, instead of using the (partial) Dyson re-summation, we can expand directly 
^^J.ua|3{p) to the fixed finite order n which leads to 

This expansion (which does not give rise to the additional poles of the propagator) might be 
useful for s -C M^, however, in this case a higher-order pole at s = is generated, which is not 
correct physically in the resonance region s ~ M^. Here we instead expect a single pole on the 
second sheet of Al{z), where z = ^phys ~ "^^physfphys (where the mass ^phys = + 0{a) and 
the width Tphys = 0(a)) corresponding to the original degree of freedom of the free Lagrangian. 



Therefore, the Dyson re-summation (i.e. the application of the formulae (162)) suplemented with 
some other more sophisticated approaches [e.g. the Redmond and Bogolyubov method SS] 
consisting of the subtraction]^ of the additional unwanted poles from the propagator, or diagonal 
Pade approximation method [IH]) seems to be inevitable for s ~ M^. 



^■^An analogous discussion can be done for the second sheet. Concrete examples of various types of poles will be 
given in the next section. 

^^Note that, in order to perform this on the lagrangian level, nonperturbative and nonlocal counterterms would 
have to be added to the theory. However the status of such a counterterms is not clear, cf. [47] . 
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{|z-l-(Ti(z)| -, Istsheetj {|z-l-(ri(z)|--. 2nd sheet) 




Figure 6: The plot of the the square of the modulus of the propagator function \z — 1 — ctl^z)]^'^ 
on the first and the second sheet for = 0. The pole on the second sheet and the peak on the 
first sheet correspond to the p(770). 

However, in the concrete case of our calculations of the antisymmetric tensor field propagator, 
the plain Dyson re-summation might produce various types of poles some of which we illustrate 
in the next subsection. 



5.3 Examples of the poles 

The additional poles of the propagator can have different nature. Let us assume the 1 channel 
first. By construction for any values of the constants we have one pole on the second sheet (which 
is directly accessible from the physical sheet by means of the crossing of the cut for < z < 1) 
which corresponds to the physical resonance {p meson) we have started with at the tree level. On 
the first sheet we get then a typical resonance peak. These two structures are illustrated in the 
Fig. [6| where the square of the modulus of the propagator function, namely i.e. \z — 1 — (7l(z)|~^, 
is plottecp^ on the first and the second sheet for a, = 0. In this case, no additional pole appears 
in the region of assumed applicability of RxT. However, for another set of parameters we can get 
also pathological poles not far from this region {e.g. tachyon as it is illustrated in analogous Fig. 
[7| now for oq = ai = 02 = 10, 03 = 0). 

In the l"*"" channel, there is no tree-level pole in the propagator. The structure of the poles 
of the Dyson resumed propagator is strongly dependent on the parameters bi and 7 in this case. 



Let us illustrate this briefly. Note e.g. that, the equation (145) can have (exact) solution a; = 1 



on the first sheet provided the parameters bi satisfy the following constraint 

J2h = -np^ -16 (172) 
where the numerical estimate corresponds to (Mphys, Fphys) ~ {Mp,Tp). In order to interpret this 



25 We have used the foUowing numerical inputs: Mphys = 770MeV, Tphys = IbOMeV, F = 93.2MeV, Fy 
IMMeV. 
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[|z-l-crt(z)| ^.Islsheet} {\i.-l-ai(z)\ ',2ndsheet) 




Figure 7: The plot of the the square of the modulus of the propagator function \z — 1 — (Tl{z)\^'^ 
on the first and the second sheet for ao = ai = a2 = 10, as = 0. The additional pole on the first 
sheet is a tachyon. 



solution as a 1^ bound state pole we need the residuum Za at this pole to be positive, i.e. 

IF 

(^A^) U=i 



vrM, 



phys 



(173) 



otherwise the pole is a negative norm ghost state. Of course, from the phenomenological point 



of view, both these possibilities are meaningless. Note also that, the constraints (172) and (173) 



counting 
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require unnatural large values of the parameters 6j and it is also in a conflict with the large Nc 

-2 provided 

^phys 



For 7 = 0, a pathological tachyonic solution of (145) exists for x 

3 



-TC- 



phys 



which might be satisfied with more reasonable values of the parameters bi than in the previous 
case. More generally, we can have pathological poles x = where 00 IS 9j solution of 



2 + (1 + 67 + -f^)x^ + 27 V 



0. 



This x^ is a pole of the propagator on both physical and unphysical sheets under the conditions 
that the following constraint on the parameters bi 



-TT- 



phys 



i=0 



phys 



is satisfied. Here x^ is real (and negative) for |7 + 5| > 2\/6 and it represents therefore a physically 
unacceptable tachyonic pole. Outside of this region of 7 we get pair of complex conjugate poles 
on the physical sheet with Rex^ > when —3 + 2\/2 > 7 > —3 — 2\/2. 



^^While bi = 0(1) in the large Nc limit, the right hand side of (172) begaves as 0{Nc) 
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Figure 8: The plot of the the square of the modulus of the propagator function |1 + (rT{z)\^^ on 
the first and the second sheet for Bq = —2.16, bi = —3.66, 62 = —4.45, 63 = 1.47 and 7 = 0. 
Along the desired 61 (1235) pole on the 2nd sheet {z = 2.552 — 0.295i) and peak on the 1st sheet, 
additional structures appear. 

However, we can easily get a more realistic situation and ensure that the position of the complex 
pole zr = XR — iyn on the second sheet in the 1"*"" channel corresponds e.g. to a resonance 6i(1235). 
In this case, two conditions for 6j, and 7 have to be satisfied, which correspond to the real and 
imaginary part of the pole equation 1 + (7^(27?) = 0. This allows us to eliminate two of the five 



independent parameters in favor of the mass and the width of the desired resonance ^ However, it 
might be difficult to eliminate additional pathological poles in the assumed region of applicability 
of RxT- We illustrate this in the Fig. [8} where the the square of the modulus of the propagator 
function |1 + aT{z)\^'^ on the first and the second sheet for 60 = —2.16, hi = —3.66, 62 = —4.45, 
63 = 1.47 and 7 = is plotted on the first and the second sheet. In addition to the desired 
61(1235) pole on the second sheet we get also four additional poles on the second sheet which is 
difficult to interpret physically as well as two additional structures the first sheet one of which can 
be interpreted as an tachyonic pole. 

In general it is not so straightforward to formulate the conditions for Oj, 6j, and 7 under which 
there are no additional poles on the real axis in the antisymmetric tensor field propagator. Because 
Im(T£(x + iO) is negative for x > (and similarly lma^{x + iO) is positive for x > 1), we can clearly 
conclude, that there is no real pole in these regions on the first and the second sheet. As far as 
the regions of x < (for cr£) and x < 1 (for cr^) are concerned, we can proceed as follows. Note, 
that we can write for the functions J(x) and B{x) the following dispersive representation 



B(x) = 2 + x + (x + ll 



dx 



(x' + 1)2 x' — X 



J(x) 



2 + X + 6(x) 

°^ dx' 



X \ X I X — X 



from which the representation ( |164 ) for with desired properties easily follows. From this we 



can see that on the first sheet 6(x), J{x) > for x < and x < 1 respectively. Similarly, for S^p 
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Similar conditions we get in the 1 channel, provided we demand to generate e.g. p(1450) dynamically. 
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we can write 



(2 + (1 + 67 + -f^)x + 2j^x^) J{x) = 1 + ^ (37^ + I87 + 5) X + j{x) 



where 



][X) = X 



dx 



X ■ 



1 - 



X 



2 + (1 + 67 + 72)3;' + 27V^ 



X — X 



and > for a; < 1. The equations ([s]) and (145) have therefore the following structure 



Pl{x) 
Pt{x) 



1 r 



phys 2 



TT M, 



phys 



x^ {b{x) + 2) - 



40 /M, 



'phys 



9 V4vrF^ 



4{x' - iyj{x) 



20 ^Mphys' ' 



9 



di{x-iru{x)+i) 



(174) 
(175) 



where Pl,t{x) are the following polynomials of the third order 

3 



1 r 



Pl[x) 



Pt[x) 



X 



1 + 



vrM, 

1 p 

phys 



phys 
3 



1 -x^ + ^ai(x* - 1) 

2 



vrM, 



phys 



(x - l)gL(x) 

E ^.a:^ + ^ ) ' ^3 (37^ + I87 + 5) x{x - ly 



where 



1 r 



phys 



71 M 



phys 



((1 + X + x2)(a3 - 1) + ai + a2(x + 1)) 



Because the right hand sides of the equations (174) and ( 175 ) are negative in the regions of interest, 
the sufficient (but not necessary) condition of the absence of the poles in these regions is ^^(x) < 
for X < and Pt{x) > for x < 1. For qiix) this can be achieved in many ways, e.g. for 



as > 1 



I - (ai + a2 + ag - 1) < 



9l(0) 



TT Mphys 

(03 + a2 - 1) > 



1 F 

^ phys 



I.e. 



Oi > vr 



^phys 
^phys 



r 



02 < 0, 03 > 1. 



phys 



Note however, that such a condition for oi requires unnatural value for this parameter and is in a 
conflict with the large Nc counting. Similarly, the condition Pt{x) > can be ensured e.g. when 
the coefficients at the third power of x vanish identically, i. e. 



10 /Mphys V ^phys ,2/0 2 , 10 I c;^ 
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the coefficients at the second power of x are positive, i.e 



and 



1 r. ' 



-'"phys 

On the contrary to the previous case, these conditions respect the large Nc counting. Therefore 
without any detailed information about the actual value of the Oj and hi it seems to be quite 
natural to have tachyonic pole in the 1 channel and no bound states or tachyon poles in the 
channel of the propagator. 



6 Summary and discussion 

In this paper we have studied and illustrated various aspects of the renormalization procedure 
of the Resonance Chiral Theory using the spin-one resonance self-energy and the corresponding 
propagator as a concrete example. The explicit calculation of the one-loop self-energies within 
three possible formalisms for the description of the spin-one resonances, namely the Proca filed, 
antisymmetric tensor field and the first order formalism is the main result of our article. Because 
the theory is non-renormalizablc and the loop corrections break the ordinary chiral power counting, 
we had presumed an accurence of problems of several types which have proved to be true within 
our explicit example. 

The first sort of problems concerned the technical aspects of the process of renormalization, 
namely the organization of the loop corrections and the counterterms and the mixing of the 
ordinary chiral orders by the loops. In order to organize our calculations we have proposed a 
self-consistent scheme for classification of the one-particle irreducible graphs F and corresponding 
counterterms Oi which renormalize its superficial divergences. The classification is according to 
the indices %y and i©. assigned to graph F and operator Oi respectively. Though the scheme based 
on iQ restricts both the chiral order of the chiral building blocs (number of derivatives and external 
sources) as well as the number of resonance fields in the operators in the RyT Lagrangian at each 
fixed order and can be understood as a combination of the chiral and 1/iVc counting, it is however 
not possible to assign to ir a clear physical meaning connected with the infrared characteristics 
of the graphs F. Nevertheless the scheme works at least formally and can be used for the proof of 
the renormalizability of RyT to given order ivjiot ^ ^max- We have used it at the level imax < 6 
and proved that the complete set of counterterms from zero up to six derivatives is necessary to 
renormalize the divergences of the one-loop self-energies in the contrary to the naive expectations 
based on the usual chiral powercounting. 

The last aspect, namely that the complete set of counterterms including also those with two 
derivatives {i.e. the kinetic terms) is necessary, is connected to the second sort of problems. The 
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tree level Lagrangian is constructed using just one of such a kinetic term in order to ensure the 
propagation of just three degrees of freedom corresponding to the spin-one particle state. If we 
would include all possible kinetic terms with two derivatives into the free Lagrangian, we would 
get (according to the formalism used) additional poles in the free propagator corresponding to 
the additional one-particle states some of them being necessarily either negative norm ghost or 
tachyon. This was the first signal of the problems with unphysical degrees of freedom connected 
with the one-loop corrections to the self-energies. The higher derivative kinetic terms further 
increase the number of these extra degrees of freedom. We have studied this feature also using 
the path integral representation and integrated in additional fields which appear to be responsible 
for the additional propagator poles. 

The problems with additional degrees of freedom are also connected with the well known 
fact that the propagator obtained by means of the Dyson re-summation of the perturbative one- 
particle irreducible self-enery insertions might be incompatible with the Kallen-Lehman spectral 
representation even in the case of the renormalizable theories [IS]. As is well known, in this case 
tachyonic or negative norm ghost state can appear as an additional pole. Such an extra pole 
is usually harmless because it is very far from the energy range where the theory is applicable. 
In the power-counting non-renormalizable effective theories like RxT such problems are much 
stronger either because of the worse UV behavior of the self-energies (which increases the number 
of additional poles) or because the additional pathological poles might lie near the region where 
the theory was assumed to be valid. The nontrivial Lorentz structure of the fields describing spin- 
one resonances further complicates this delineation because some of the additional poles might 
have different quantum numbers than the original tree-level degrees of freedom. As far as this 
type of poles is concerned, we have demonstrated using the path integral formalism that it can 
be eliminated by means of the requirement of additional protective symmetry of the interaction 
Lagrangian, which is an analog of U{1) gauge transformation known for the Proca and Rarita- 
Schwinger fields. However, these symmetries are in general in conflict with chiral symmetry, 
though individual interaction vertices can posses such a symmetry accidentally. 

The results of our calculations proved to fit this general picture. Using the explicit example of 
the one-loop antisymmetric tensor self-energy we have shown that the Dyson re-summed propa- 
gator has always (ie. irrespectively to the actual values of the couterterm couplings) at least three 
additional poles on the first sheet in the 1 channel, just five such poles on the second sheet (one 
of them corresponding to the original degree of freedom) and at least two additional poles on the 
first sheet in the l"*"" channel and at least four such poles on the second sheet. As we have seen 
in explicit analysis of the pole equations, without any additional information about the size of 
the counterterm couplings and consequently about the actual values of the renormalization scale 
invariant parameters entering the polynomial part of the self-energies, a rich variety of poles in 
the propagator is possible. Some of the poles might be unphysical (complex conjugated pairs of 
poles on the first sheet and tachyonic or negative norm ghosts on both sheets) and some of them 
even can be situated near or inside the assumed applicability region of RxT- 

It might be argued that the additional poles are just artifacts of the inappropriate treatment 
of the theory and that the one-loop one-particle irreducible self-energy insertion cannot be re- 
summed in order to construct a reliable approximation of the full resonance propagator. However, 
the mere truncation of the Dyson series keeping only first two terms (corresponding to tree- 
level contribution and to the strict one-loop correction to the propagator respectively) generates 
double poles at s = on both sheets and is therefore in contradiction with the expected 
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analytic structure of the full propagator. Though this might be an useful approximation of the 
full propagator for s <^ M^, it cannot be correct in the resonance region. Therefore provided we 
would like to use RxT at one-loop also for s ~ M^, the construction the propagator using some sort 
of re-summation [i.e. the Dyson one or its modifications like e.g. the Redmond and Bogolyubov 
procedure or Fade approximation) might be inevitable. The actual position of the additional poles 
(if there are any within the chosen procedure) might be then understood as a bound limiting the 
range of applicability of the theory. In the most optimistic scenario all the additional poles are far 
form the region of interest and RxT can be treated as a consistent effective theory describing just 
the degrees of freedom we start with at the tree level. The less satisfactory case when only the 
pathological poles are far-distant, we can either abandon the theory as inconsistent or alternatively 
we can try to interpret the non-pathological poles as a prediction of the theory corresponding to 
the dynamical generation of higher resonances. Such a treatment was used in the case of scalar 
resonances in [22] (see also [301 EI])- Eventually in the case when all the additional poles lie near 
s ~ M^, either the approximative construction of the propagator or one-loop RxT itself might 
be problematic. Which scenario actually turns up depends on the values of the couplings in the 
RxT Lagrangian. 
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A Additional degrees of freedom in the path integral - the 
Proca field 

Suppose that the interaction Lagrangian has the form 

Cint = Cct + C'i^t (176) 



where Cd is the toy interaction Lagrangian (18). Our aim will be to transform Z[J] to the form of 
the path integral with all the additional degrees of freedom represented explicitly in the Lagrangian 
and the integration measure. In terms of the transverse and longitudinal degrees of freedom we 
get 



CUV±-dA,.J,...) = C,tiV^-dA,J,...) + Clt{V^~dA,J,...] 

= ^vrnv^, - ^(DA)^ + ^(□vT)(nv^±.) + ^(^.□A)(9mA) 

+CUv±-dA,J...). (177) 
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In order to lower the number of derivatives in the kinetic terms we integrate in auxihary scalar 
fields X, p, TT, a and auxiliary transverse vector field Writing 

exp [-i J d'x^iDAf^ = J Vxexp (^t J d'x (J^x' - d.xd^A^^ (178) 
and similarly for other higher derivative terms we can finally formulate the theory as 

ZUl . j VV^VB.V,V^V,V.V. exp (,: / d'.£(V.. i,.. A. „ .)) (179) 



with 



VB^ = VBSid^B") (180) 



and 



/:{V^,B^,A,X,p,a,n,J,...) = ^{1 + a)Vj^DV^, + ^M'Vj^V^, - ^M'B^^B^, - B^^DV^ 

+ ^-M%Ad'^A+^x'-d,xd'A 

-^M%pd''p - d^pd^a - d^nd'^A - na 

+CUV± - dA, J, . . .) (182) 

In this formulation the kinetic terms have no more than two derivatives, however, the number of 
fields is higher than the actual number of degrees of freedom. Wc therefore have to integrate out 
the redundant variables. As a first step we diagonalize the kinetic terms performing the shifts 

^ ^ 1+a ^ 

X ^ X-TT (183) 

respectively to the form 

-1(1 + ay'BlUBl + ((1 + a)-^ - r') B^B^, 
+M2(l + a)-V_fS^^ 

+\M'd,Ad^A - ^d.xd^x + ^(X - 
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+£:„,(F,J,...). (184) 

where 

V = V^ + j^B^ -dk- -^ax (185) 

Now the superfluous degrees of freedom are easily identified. Namely, the fields p and a decouple 
and moreover vr has no kinetic term. Both of them can be therefore easily integrated out. As a 
result of the gaussian integration we get 



ZM^/w.X>™xP.exp(./dWx.B..A.x...i....)) 



:i86) 



where 



+ cy)-'B^^UBi + ((1 + a)-' r') B^B^, 



2 ^' 

+<„,(F,J,...). (187) 

Let us assume a > —land 5 > in what follows. Note that, in this case the fields B^ and x 
have opposite minus sign at their kinetic terms. This is a signal of the appearence of the negative 
norm ghosts in the spectrum of the theory. The "dangerous" fields B'^ and x with the fields 
and a respectively. In order to identify the mass eigenstates we further rescale the fields 

Bl ^ {l + a^/^B^ 
X ^ Mx 

a S-^/^Ma (188) 
and afterwards we diagonalize the mass terms 

-Im' (Do^ + r'/V) (189) 

by means of an appropriate 5*^(2) symplectic rotation of the fields V^, B^ and x, cr 

Vr ^ yTcosh^y + 5^^ sinh^y 
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^ V^smh9v + B'^cosh9v 
X — )■ X cosh 6*5 + 0" sinh 9s 

a X sinh + cr cosh 6*5 . (190) 

This is possible for (1 + a)^ > 47 and > 45, when the off-diagonal elements of the mass matrix 
vanish for 

(l + a)2-27-(l + a)v/(l + c.)2-47 
tanh = 



We get finally for the generating functional 



(192) 



where 



(193) 



where now 



V^^^ = (^^ + - cosh 9s - da sinh 9s - dk (194) 



and where My^, mass eigenvalues (21) and (23). The theory is now formulated 

in terms of two spin one and two spin zero fields, whereas two of them, namely B^ and Xi ^ire 
negative norm ghosts. The field A do not correspond to any dynamical degree of freedom, its role 
is merely to cancel the spurious poles of the free propagators of the transverse fields Vj_ and B± 
at p2 = 0. 

B The additional degrees of freedom in the path integral- 
the antisymmetric tensor case 

We assume the interaction Lagrangian to be of the form 

Ant = i^ct + Ant' (195) 



where Cd is given by (57) and re-express it in the terms of the longitudinal and transverse com- 
ponents of the original field R^^ 

Ant(i?f - \e^''''^Kp, J,...) = /:ct(i?r - le^'^'^A^f^, J, . . .) + <nt(^r - l^"'''^^^^^ ^' • • •) (196) 
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where 



/3, 



2M2 



(197) 



We can introduce the auxihary (longitudinal) antisymmetric tensor field B^^ and (transverse) 
vector fields P±' "-"^x ^'^'^ ^± order to avoid the higher derivative terms and write in complete 
analogy with the Proca field case 

Z\J\ = j VR^\VB^\VA^_Vx±Vp^_V(T^Vn^exp (^i J d^x£(i?||, A^, x±, p±, cr^, tt^, J, • • •)) 

(198) 

where the measures and fields are 



VBii 



VBS{d^B^, + d,B^^ + d^B, 



1 



= - — (9V"5'' + 5V5"-(/^^'^))i?a/3 



and for (f)'^ = x^, p'^, cr^ and n'" 



□ 



The Lagrangian is then 
C = 



4 II H^-- 4 
--M^B^B, 



liu ^ ^ ''II ''II Ai!^ 

1 



1 



(199) 
(200) 

(201) 

(202) 



(203) 



Note that, the fields x'^? P^? cr'^ and tc^ mix with A^ and are therefore pseudovectors. The 



Lagrangian (203) is completely analogical to (182) up to the more Lorentz indices, so will be brief 



in the next steps. First we identify the redundant degrees of freedom diagonalizing the kinetic 



terms by means of the following sequence of shifts (cf. (183)) 



i^f'^ ^ i^Jf'^ - 2(1 + a)-^^^^ 



A'f A^ 



Pi ^ Pl + W-''' 



6 
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xl ^ Xl + ^l- (204) 



As a result we get the Lagrangian in the form (cf. (184)) 

C = ^(l + «)i?j™j|^, + ^M2i?J'^i?ll^, 

-(1 + a)-'BfnB\\^, + (1 + a)-^M^BfB\^^, - ^^M^BfB^^^, 
-{l + a)-'M^R>^-B\\^, 

+ ^-M'AlnA^, - ^X±°X±, - ^{Xl + + vrx,) 

(i?, J, . . .) , (205) 

12'^'^ = - 2(1 + a)-'Bf - ^e^'^"^(Aa^ + ^Xx./^)- (206) 

Integrating out the superfluous fields p±^ and vr^^ which are decoupled from the interaction we 
get 



where 



Z[J] = J VR{DB\\VK^VxiVpAVa^VTi^ex.^(^ j dV/:(i?|j, Sy, A^, x±, P±, a^, vr^, J, . . .)) 
with (cf. ( pT) )) 



(207) 



C = ^(l + a)i?fni?,|^, + ^M2i?J^i?||^, 

-(1 + a)-^B'(^UB\\^, + (1 + a)-2M2Ef^5|,^, - ^M^Ef'^i?!, 



-(l + a)-iM2/?J''5||^, 



+^M2A^^nAx,, 

1 5 1 



+A„t(5, J,...) (208) 

Again, assuming a > — 1 and 5 > we have two pairs of fields with opposite signs of the kinetic 
terms, namely (-R^"', i?!^*^) and (x^j'^x) respectively. The fields within both of these these pairs 
mix. After re-scaling 

(209) 





-)■ 


(1 + a 


)-^/2^f 


Bf 


— )■ 




a^/^Bf 


xl 




Mxl 
M , 




< 
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the form of the mass matrix becomes identical to that of ( 189[ ) (with obvious identifications) and 



we can therefore perform the same symplectic rotations as in the Proca field case and under the 



same assumptions to get diagonal mass terms corresponding to the eigenvalues (21, 23). As a 
result we have found four spin-one states, two of them being negative norm ghosts, namely Bl^^" 
and (j^ and two of them with opposite parity, namely xl ^i^nd o"^. As in the Proca field case, the 
field A^ effectively compensates for the spurious = poles in the R'^^'^ and Bj^'^ propagators 
within Feynman graphs. 

C Path integral formulation of the first order formalism 

Within the first order formalism, the path integral formulation is merely a generalization of the 
previous two cases, so we will be as brief as possible in what follows. Note that, now the kinetic 



term is invariant with respect to the both transformations (26) and (60), therefore the manifesta- 
tion of the degrees of freedom within the the path integral formalism can be done in analogy with 
the previous two cases. Using triple Faddeev-Popov trick in the path integral 

Z[J] = J VRexp(^i J d^x (^MV,d^R'''' + ^M^V^V^ + ^M^R^,R^'' + C,ntiV'',R''\J,...)^^ 

(210) 

we get 

Z[J] = J VRiiVA^_VV±VAexp ^i J d^x£(i^f^ A^, . . . , A, J, . . (211) 



where 



£(i?^;^A^[,vT...,A,J,...) = Mvi,9X' + o^'^^M^± + 



+^M^A'inA^^ + ^M^d^Ad^A 

+A„i(/?f - ^e'^'^'^A^^, - d^A, J, ) (212) 



and, as in the previous subsections 



P-R|| = 'DR5{daR^j.v + duRaii + d^j,Rya) 

VA± = VA5{d^,A^) 

VV^ = VV5{d^A^') 

= -^(9V"5^ + 5V^'9"-(/x^i.))i?„^ 

= U^'^-^ K. (213) 



□ 

In order to diagonalize the kinetic terms we perform a shift 



Vl-^Vl- j^9,R'^\'' (214) 
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and get 

£(i?r,A^,VT...,A,J, 



(215) 



The discussion of the role of the field R^^^^ and the A^ is the same as in the antisymmetric tensor 
case. The extra fields and A do not correspond to the original degree of freedom, their free 
propagators are 



Aa(p) 



M2 

1 1 



(216) 
(217) 



with spurious poles at = 0. According to the form of the interaction, only the combination 
with spurious poles cancelled, namely 



Ar±(p) +p"p^Aa(p) + ^p„p^Aj^^-(p) 



pT fj,i/ pL fiu 

p2 _ M2 ^ M2 



(218) 



enters the Feynman graphs. 



Alternatively, we could make in (212) the following shift 



leading to 

£(i?f ,A^,v:[: 



.A,J,...) 



M 



(219) 



- 9"A, J, 



(220) 



In this formulation, the role of the fields and the field A is the same as in the Proca field case. 

does not correspond to the original degree of freedom and, as in the previous formulation, it 
serves together with A_l^ to cancel the spurious = poles. 

Let us end up this subsection with the path integral treatment of the toy quadratic interaction 
Lagrangian (105). Using the same transformations as before we get 

1 



£(i?f,Al,VT...,A,J,...) 
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+ '^V^,nVl - ^{UKf + ^i?||^.ni?f + ^DA^^DA^^ 
+£:„,(i?f - ^e'^^^'^A^,^, - a«A, J, . . .) (221) 
Introducing the auxiliary fields analogous to the previous two examples, we have 

+ -M2A^nA^^ - -M^ADA 

- ^e'^^^^A^.^, IT - a"A, J, . . .) (222) 
The kinetic terms can be diagonalized now by means of the shifts 

K ^ + (223) 
A ^ A+^X (224) 



to the form 



£(i?f,A^[,x,x![,^,---) = + 

+-M2A^nA^^ - -M^ADA 

1 1 

1 1 2 

+ 2M2^ ^+^^ 
+<„,(5,W^,J,...), 



(225) 



where 
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In the formula (225) the scalar and axial- vector ghost field as well as two propagating dynamically 
mixed spin-1 degrees of freedom are explicit. 



D The parameters and in terms of LECs 

In this appendix we present the expressions for the renormalization scale independent polynomial 
parameters entering the self-energies (cf. Section |4]). 

D.l The Proca field case 



2 



«0 = ( ^ ) ^M(/i) 



47rFV r,r, ^ 40 2 A M 



/47rFV , , 40 2 A M2 1 



-w) ^^^ ^-^^^+Y^n^"7i^"'3 

= (it) "^^^ 

2 

r2 



/32 = (^) M'^^vif^) 



2 



/33 = ^-j^ j MV;(/z). 

Here t/y and Vy are certain linear combinations of the couplings of Cy^^^ renormalized as 

/ M\'^ 1 
Uy = Ul.if,)-2gl -) —K 



F / M4 



Vv = V^;(/i) 
D.2 The antisymmetric tensor case 

«o = ^ ZVA^i)- —d{\ii—- —{?,di-df)-h[——] — 7-61n 



2 
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10 /A^^^\' fFV M2 



5 /A^^^\Vf\' / M2 



«3 = l'^) .1 



^0 — 



^].(A^)-y^?ln^-^(3d? + c^I)-3(^j (^j (ll-61n 
47rF'\^ 20 



^«(/^) - y (K - 12cii(ci3 + (^4) + ^4 + 9c?a - ^d^d^) In 

20 

(M? - lMi{dz + ^4) - 7c^3 - 12c^^ + 18^3(^4) 

20 /A^^^\' / F\V M2 

7 + 3 In 



2 



3 V ^ J \M J \' ' 

2 on i\/r2 



n — 



^^^^^^ ~ -^^^^ + ^^^^^ ~ 7^ " 27^ ' + 

5 /A^^^\ V^\' ^ , 



Here f/^ and Vr are certain linear combinations of the couplings of >C^*^^^ with the infinite parts 
fixed as 

D.3 The first order formalism 



(di - da) + 3(2di - gry) In — + 



/^^ 3 



«r = (^)'M2^W(/.) + ^(<7w + 2<7v)(4d3 + <7w)(ln^ + ^ 
«r - ('^)'M^^^v(/^)-f(^w + 2a^K(ln^ + ^ 
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2 M \F J ["^ 11^ 3 



[-wj 



(^) (/^) - f {^nvi^RV + 2^^) + 4^) (in ^ + 1) 

M2x^(;x) + ^ {anviaRv + 2<Jv) + 44) (in ^ + ^ 



M ^ 

47rFy r^r f vv 



M 



47rFy 



M J 

AttF 



Zmr{^i) + y ((xw(2cii - (7w) - 4rf?) (in ^ + ^ 



— 9~ ~ ^^^^ ~ '^^^^ 

2 /in ?i/r2 



j (^^()") + YM) - -^{K + 2dl) hi—--[d\ + -d 



10 A M2 1 , 
+y I In + - ) o-w(4o(3 + (7^) 



47rF\^ 20 / 

M\X^M + ^^(/^)) - 77^3(2^3 + anv) In ^ + 



ZmrKN + ^(^^^-(2^1 - aw) - 4dJ In 



20,^2 j2n 10 /j j V 

- y c?3 + y (24 - ctrv) 
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20 

- — (9d^ - 18cii((i3 + c^4) - 7dl - 12dl + ISd^d^) 

5 / Af^ / 2 

-^dw \ 32d3 + 6(^3 + 9(i4) In — - 3a Rv 0^ ^ ~ 3 

5 / / 2 

( 84 + 6(^3 + 3^4) In — - SaRv fin — - - 



Here Uy, Vy, Ur, Vr and Yrv are certain linear combination of the couplings from JO^y^ with 
infinite parts fixed according to 

Uy = U^if^) - 2g'y ( 

Vy = V^ifx) 



80 f 1 



2 



/ N 40 /mV 1 ^ , gvGy (mV 1 ^ 

E Proof of the positivity of the spectral functions 

Here we prove the positivity of the spectral functios Pl,t{^^^) defined as 

N 

(226) 



Let us define for > 



1 

2' 

where s'^^\p) are the usual spin-one polarization vectors corresponding to the mass -y^- Then 
for > we get the following orthogonality relations 
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and the projectors can be written for > in terms of the polarization sums as 

A 



2 

A 



Multiplying (155) by u^ful (p)* u^^js (p) and {p)*wl^^{p) respectively we get the positivity con- 



straints for the spectral functions 

< 5^5(^)(p-piv)|(0|i?;..(0)|iV)M(^')^'^(p)*P = 2(27r)-3^^(pV(/)^ 

N 

< 5^(5(^)(p-Piv)|(0|i?^.(0)|iV)^(^')'^'^(p)*p = 2(27r)-3^^(/)pr(p2y. 
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